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2 Chao Xu, Jiang Zeng
1. Introduction

The Eulerian polynomials A, (x) are defined by the exponential generating function [FS70,
Pet15]

n

z 1—x

n=0

These polynomials have a long and rich history. Comprehensive accounts can be found in
Foata’s survey [FoalO], Stanley’s Enumerative Combinatorics [Stal2, Sta99], and Petersen’s
monograph [Petl5]; see also the classic work of Foata and Schiitzenberger [FS70], which re-
mains a fundamental reference and continues to offer deep insights into the subject.

For a finite set I, let G g denote the set of all permutations of £/, and let G,, be the symmetric
groupon [n] :={1,2,...,n}. Foro € G,, anindex 1 < ¢ < n — 1is called

* adescent (des) of o if o(i) > o(i + 1);
e an ascent (asc) of o if o(i) < o(i 4+ 1);
* an excedance (exc) of o if i < o(i).
The following combinatorial interpretations of the Eulerian polynomials A, () are well known:
An(l’) _ Z l,asc(a) _ Z Ides(o) _ Z xexc(o)' (1.2)
ceG, ceGy, ocG,
Postnikov, Reiner, and Williams [PRWO08] introduced the binomial-Eulerian polynomials:
A/ — des(o) _ n )
n(7) Z x l+z Z " A, (z), (1.3)
cEMp i1 m=1

where M, denotes the set of permutations 0 € &, such that the first descent (if any) of o occurs
at the letter n. For example,

M,y = {12, 21}, My = {123, 132, 231, 312, 321}.

Any polynomial with real coeflicients

satisfying the symmetry condition h; = h,,_; can be written uniquely in the form

Ln/2]

h(z) = Z Y o (1 4 2)" 2,

k=0
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The coeflicients 7y are called the y-coefficients of h(x). If all - are nonnegative, then h(x) is
said to be y-positive. In such cases, it is often of particular interest to find combinatorial inter-
pretations of the y-coefficients. It is known [FS70, PZ21] that the Eulerian polynomials A, (z)
admit the following ~y-positive expansion:

/2]
Apr() = Y P dy 2l (14 2)" %, (1.4)

J=0

where d,, ; denotes the number of André permutations in &,,; with exactly j descents. For
recent developments in this direction, we refer the reader to [LZ15, SW20, PZ21], and for a
general overview of y-positivity phenomena to [Ath18, Petl5].

The 7y-positivity of the binomial-Eulerian polynomials A,, () follows from a general theorem
of Postnikov, Reiner, and Williams [PRWO0S, Section 10.4], which in particular implies that these
polynomials are symmetric. Moreover, their coefficients can be expressed beautifully as sums
of products of Eulerian numbers and binomial coefficients. Writing

An(z) = :Z_: <Z>xk

Chung, Graham, and Knuth [CGK10] established the following elegant identity (with three dif-
ferent proofs) for integers a, b > 0:

> ()6 =200 &

where <8> = 1. Shareshian and Wachs [SW20] observed that this identity is precisely the alge-

braic expression of the palindromicity of the coefficients of Avn(x)
For o € G,,, an index i € [n] is called

* adrop (drop) of ¢ if i > o(i);
* afixed point (fix) of o if i = o(i).

We also regard a permutation 0 € &,, as a word 0 = 0104 - - - 0,,, Where 0; := o (i) for i € [n].
A letter o; is said to be

* a left-to-right maximum (Imax) of o if o; > o, for every j < i;
* aright-to-left maximum (rmax) of o if 0; > o; for every j > 1.

In the mid-1970s, Carlitz and Scoville introduced several families of multivariate Eulerian
polynomials. Among them are the so-called («, 5)-Eulerian polynomials [CS74], defined by

An(ﬂf, y ‘ a, ﬁ) — Z xasc(cr)ydes(a)almax(a)71ﬁrmax(cr)717 (1.6a)

c€Gn4+1
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and the cycle («, t)-Eulerian polynomials [CS77],

Acyc JI y,t‘Oé — Z xexc drop tﬁx(a)acyc(o)7 (1.6b)

geG,

where cyc(o) denotes the number of cycles of o. The first values of these polynomials are as
follows:

AV (2, y,t| @) = at,

AT (z,y,t] @) = axy + o*7,

A9z, y,t] ) = a(z +y) vy + 3a’zyt + ot

APz, t| @) = axy (2% + Ba +4) xy + y?) + da’zy(x + y)t + 6a’xyt® + o't

Since
A2y, ta) =y" A (2 )y, 1, t/y|a),

the polynomials A%°(z,y,t|«) constitute the homogeneous version of A%°(x, 1,¢|«a), which
were studied in detail in [FS70, Chapter 4].
The exponential generating function of the polynomials A%°(z,y,t|«) is well known and

takes the form . "o\
Z 14(:}’0(2j y,t | Oé) Z‘ — (M) . (1.7a)
mn:

Tev: — et
n=0 Yy

This identity was implicitly established in Foata—Schiitzenberger’s monograph [FS70, Chapi-
tre IV, (12)—(13)] via the exponential formula, and later proved analytically by Carlitz and Scov-
ille [CS77, Theorem 1]. A proof using symmetric functions and plethysm was subsequently
given by Brenti [Bre00O, Proposition 7.3]. As observed in [KZ04], using the exponential for-
mula [FS70, Sta99], Eq. (1.7a) can be rewritten equivalently as either of the following exponen-
tial generating functions for derangements.

N —1
Z" z
ZA“YC x,l,O]l)—': < Z(x+x2+~-—|—:c”1)—> : (1.7b)

n=0 n=2 n'
cyc 2" 2 n—1 2"
> AY(2,1,0] — )—'_1—Z(x+a: o) = (1.7¢)
n=0 n>2 '

Gessel [Ges91] gave an elegant combinatorial proof of (1.7b) in the special case x = 1. Later,
Kim and Zeng [KZO01] provided a bijective proof of (1.7b). Two further combinatorial proofs
of (1.7c) were subsequently presented in [KZ04]. More recently, a multivariable extension
of (1.7¢) was established in [PZ24].
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For a permutation 0 = 0, ...0, € G, we say that an index ¢ € [n]isa
e cycle peak (cpk) of o if c71(i) < i > o(i);

s cycle valley (eval) of o if 071(i) > i < o(i);

s cycle double ascent (eda) of o if 071 (i) < i < o(i);

e cycle double descent (cdd) of o if 71 (i) > i > o(7).

Note that cpk(o) = cval(o). The following refinement of (1.7a) was proved in [Zen93, Th. 1]:

n tz «a
z cpk(o), cda(o) cdd(o), fix(o)  cyc(o r—y)e
143020 S () PO 19 et ) (Q) a8

! Trevr: — yets
n=1 ceS,

where xy = ujus and x + y = us + uy.
For o = 0y ...0, € &, with the convention oy = 0,11 = 0, a letter o; € [n] is called a

* valley (val) of o if 0,1 > 0; < 041;

* peak (pk) of o if 0,1 < 0; > 0413

* double ascent (da) of o if 0,1 < 0; < 04413
* double descent (dd) of o if 0,1 > 0; > 041.

It is clear that the following identities hold

val = pk —1, asc=val+da, des=val+dd. (1.9)

Recently, Ji [Ji25] introduced the following refinement of the Carlitz—Scoville polynomi-
als A,,(x,y | a, B), incorporating six permutation statistics:

Ap(ur, ug, uz, ug |, B) = Z (uluQ)Val(")uga(a) ujd‘“) ofmax(o)=1 grmax(e)=1 (1 1)

U€6n+1

Ji’s main result [Ji25, Theorem 1.4] gives the following exponential generating function, ob-
tained by means of the context—free grammar calculus.! Let

ea:t_eyt
F(z,y;t) = TR

171 [Ji25, (3.33)—(3.35)] assumed that o and 3 are integers in her proof. In that case, an alternative combinatorial
interpretation of the same generating function was given earlier by Carlitz and Scoville [CS74, Theorem 5].
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Theorem 1.1 (Ji). We have

atpB

> A (s, g, g, s | 0, ) 7 = (1 2F (0,4 2)) "5 (1 + yF (1,5 2)) 5 ed G-l
n:
n=0

(1.11)
where x 4+ y = u3 + uy and vy = uyus.

Ji [Ji25] showed that the generating function (1.11) is related to several families of enumer-
ative polynomials that have appeared in the literature. In a subsequent paper [JL24], using the
calculus of context-free grammars together with group actions on permutations, Ji and Lin fur-
ther established the ~y-positivity of two a-analogues of the Eulerian polynomials, as well as an
a-analogue of the Chung—Graham—Knuth symmetric Eulerian identity (1.5).

The present paper originates from the desire to provide a more conceptual approach to Ji’s
generating function (1.11), in the spirit of Foata—Schiitzenberger’s combinatorial proof of (1.1)
in [FS70]. To this end, we first observe that Eq. (1.11) can be rewritten in the following form,

n _ a+p
ZAn(ul,ug,ug, ug | a, 6)2—' = elausthua)z (%) (1.12)
n! rev®r — ye
n=>0
_ uzz \ & _ ugz \ B
_ <(33 y)e ) ) ((IK y)e ) ’ (1.13)
Treyr — yers revr — yets

where the parameters x and y are related by z +y = us + u4 and 2y = u;ue. Comparing (1.12)
with (1.7a), we see that Eq. (1.11) is equivalent to the following connection formula:

aus + [y

An(”la“?au37u4 | &75) = A'Zyc (%% + 5

|a+ﬁ>, (1.14)

where xy = ujus and x + y = us + uy.

Our first main result establishes a generalization of Ji’s polynomial (1.10) involving three
additional variables. This unified framework subsumes the two families of polynomials studied
in [Ji25, JL24] and further incorporates several recent results from [Ji25, JL.24]. Before stating
the result, we introduce some additional definitions. For ¢ = o;...0, € &, with conven-
tions og = 0,,.1 = 0, aletter o; € [n] isa

* left-to-right-maximum-peak (Imaxpk) if o; is a left-to-right maximum and also a peak;
* right-to-left-maximum-peak (rmaxpk) if o; is a right-to-left maximum and also a peak;

* left-to-right-maximum-double-ascent (Imaxda) if o; is a left-to-right maximum and also
a double ascent;

* right-to-left-maximum-double-descent (rmaxdd) if o; is a right-to-left maximum and also
a double descent.
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Let u = (uq, ug, us, uy) and define the generalized Eulerian polynomial

val(o), da(o) dd(o max o)—1 rmax o)—
Anu, frgt] o, B) = D (ugug) Dy gl plmaxpk(e) =1 grmaxpl(e) -1

€611
> tlmaxda(a)—i—rmaxdd(a)almax(a)—lﬁrmax(a)—l ) (115)

Theorem 1.2. If vy = ujus and x + y = u3 + uy, then

aus + Py
An uafa.g:t Ck,ﬁ = A%yc (xaya—
( |, B) of + g

Combining Theorem 1.2 with (1.7a), we derive immediately the exponential generating func-
tion of A, (u, f,g,t|a, B3).

tmf+5g>. (1.16)

Corollary 1.3. If xy = uius and x + y = uz + uy, then

n af+pBg
z xr —
ZAn(u,f,g,tla,ﬂ)ﬁ = eloustBuitz (—y) . (1.17)

TeY?: — et
n=0 Yy

In particular, we have

n o a+pB
S A, 1,11, B) 5 = elenstiu (i) , (1.18)
n:

Tev: — qev?
n=0 Yy

n . B
S Au(1,0,1,1 [, ) = elovstin: (ﬁ) - (1.19)
n:

TeY?: — qeT?
n=0 ()

Remark 1.4. The polynomials A, (u,1,1,1|a, ) and A, (u,0,1,1]|«, 5) correspond, respec-
tively, to Ji’s generalized Eulerian polynomial (1.10) and Ji-Lin’s binomial-Stirling Eulerian
polynomial [JL24, Theorem 1.5].

Combining Theorem 1.2 and the continued fraction expansion of the ordinary generating
function of A%Y(z, y,t| «) in [Zen93, Th. 3] we obtain the following continued fraction formula
for the ordinary generating function of A, (u, f, g,t| «, ).

Corollary 1.5. We have

> Anu, f,9,t]a, B)2" = : (1.20a)
n=0 1-— boZ —

where

b = k(us + uyg) + (ous + Puy)t, (1.20b)
A1 = (b +af + Bg)(k + Duius (k2 0). (1.20c)
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Define the («, t)-Eulerian polynomials
A (2,9, @) = A% (a: v, I—;Lyt | 2a> . (1.21)

By Theorem 1.2 with f = g = 1, @« = [3, we obtain the following ¢-analogue of Ji-Lin’s
Theorem 1.6 [JL.24].

Corollary 1.6. If vy = ujus and x + y = u3 + uy, then

A, (ZL’, Y, t | Oz) _ Z (u1u2)Val(a)uga(g)uid(g)tlmaXda(U)+rmade(a)almaX(U)+rmaX(J)_2. (1.22)

0€Gn4+1

In particular, setting uy, = uz = x and uy = uy = y, we have

An (ZL‘, y,t | a) _ Z Iasc(a)ydes(a)tlmaxda(o)—l—rmaxdd(a)almax(a)—l—rmax(o)—Q' (1.23)

0E€G 41

The next theorem gives three different combinatorial interpretations of the normalised -
positivity of A, (z,y,t| ).

Theorem 1.7. For n > 0, we have

[n/2]
An(z,y,t]a) = S Pdy (o t) @y (x + )", (1.24a)

=0
where for 0 < j < [n/2],

dyj(ot) = Y ()o@ (1.24b)

oc€CAn
drop()=j

_ Z trminda(U)armiﬂ(U)_l (1240)

1
UEAn+1

des(o)=j

_ Z trminda(a)armin(a)fl_ (1 24d)

2
UEAn+1

des(a)=j

The sets CA,, Al and A2 in above theorem denote the set of cycle André permutations,
André permutations of the first kind and André permutations of the second kind, respectively.
The precise definitions of these sets will be given in Section 3.3.

The rest of this paper is organized as follows.

In Section 2, we prove Theorem 1.2 by constructing a combinatorial bijection based on two
variants of Foata’s first fundamental transformation (FFT) [Lot83, Chapter 10], and by com-
bining it with the cyclic valley—hopping on permutations introduced by Cooper, Jones, and
Zhuang [CJZ20].
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In Section 3, we study (cv, ¢)-binomial-Eulerian polynomials A, (z,v, | «) and establish a
symmetric («, t)-Eulerian identity. Then we show that the («, t)-Eulerian polynomials and the
(v, t)-binomial-Eulerian polynomials admit remarkable y-expansions, including ¢-analogues of
Ji and Lin’s results [JL.24, Theorems 1.5 and 1.6]. Furthermore, we present an («, t)-analogue
of (1.4), together with three combinatorial interpretations of the corresponding («, t)-analogue
of d, ; in terms of cycle André permutations and André permutations of types 1 and 2 (see
Theorem 3.19).

In Section 4, we prove Theorem 3.19, establishing the three combinatorial interpretations of
the normalized y-coefficients of the («, ¢)-Eulerian polynomials in the models of cycle André
permutations and André permutations of types 1 and 2.

In Section 5, using a suitable variant of the FFT, we relate the polynomials A%Y(z, y, t | «) to
the enumeration of successions in permutations and derive the exponential generating function
for a multivariate statistic involving the number of successions.

Finally, we conclude the paper with a discussion of several open problems.

2. Proof of Theorem 1.2

2.1. Two Foata-type transformations

We recall two variants of the fundamental transformation [Stal2, p. 30], [FS70, Chap. 1]. For a
permutation o € &,,, the map 6; : &,, — G,, (resp. 0> : &,, — &,,) is defined as follows:

1. Write the disjoint cycle decomposition of o, and in each cycle place its largest element at
the beginning (resp. end).

2. Order the resulting cycles from left to right according to the increasing (resp. decreasing)
order of their largest elements. Denote the concatenation of these ordered cycles by &
(resp. o).

3. Remove the parentheses of & (resp. o); the resulting word is the one—line notation of a
permutation, which we denote by 6, (o) (resp. 02(0)).
Example 2.1. Let o = (314)(625) € Ss.

* After rotating each cycle so that its largest element is first, we obtain (43 1) and (625).
Ordering the cycles by increasing largest elements (4 < 6) gives ¢ = (431)(625), hence

01(c) =431625.

* After rotating each cycle so that its largest element is last, we obtain (314) and (256).
Ordering the cycles by decreasing largest elements (6 > 4) gives ¢ = (256)(314), hence

0y(c) = 256314,

Remark 2.2. Under 0, the set of left-to-right maxima of 0; (o) coincides with the set of cycle
maxima of o. Thus the number of cycles of o equals the number of left-to-right maxima of 6; ().
Under 65, the set of right-to-left maxima of (o) coincides with the set of cycle maxima of o.
Thus the number of cycles of ¢ equals the number of right-to-left maxima of 05(c).
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2.2. Cyclic valley-hopping

Fix a letter x € [n]. Each permutation ¢ € &, can be written as the concatenation
0 = wiwy T wyws, where wy (resp. wy) is the maximal contiguous subword immediately to
the left (resp. right) of = whose letters are all smaller than x. For example, if o = 934278516
and x = 7, then wy, = 9, wy = 342, wy = & and ws = 8516. Define the involution &, : S, — &,
by

£.(0) wywy T wows, if x is a double ascent or a double descent of o;
2(0) =
o, if « is a valley or a peak of 0.

Here, we use conventions 0(0) = o(n + 1) = oo. It is known that the involutions &, and &,
commute with each other for all z,y € [n], see [Brd08]. Hence, for any subset S C [n], we can
define an operator £g := [[,.q & As shown by Brinden [Bri08], the involutions &g (S C [n])
define a Zy-action on G,,, which are called modified Foata and Strehl action or MFS-action,
see [FS74]. A geometric version of this action was given by Shapiro et al. [SWGS83].

Athanasiadis—Savvidou [AS12] defined a cyclic analogue of valley hopping for
derangements by combining Foata’s fundamental transformation and MFS-action, see also
Sun—Wang [SW14] and Tirrell-Zhuang [TZ19]. Finally, Cooper, Jones and Zhuang [CJZ20]
extended cyclic valley-hopping to permutations by letting the fixed points be unchanged. De-
fine ¢, (0) : S,, - &, by

67 0 &, 06, (o), if xisnota fixed point of o;
() :={ 1 )

o, if x is a fixed point of o,

where we treat the 0-th letter of 0 (o) as 0 and the (n+ 1)-th letter as co. Given a subset S' C [n],
define g := [[,cq¥». We will call the Zj-action defined by the involutions {¢s}sc[, cyclic
valley-hopping or cyclic MFS-action.

For example, if o = 106724548931 and S = {4,8},thens = (5)(642)(9378)(101),
01(0) = 56429378101, £s 0 0y(0) = 56249873101, and 1hs(0) = 10496523781,
see Fig. 2.1 for the valley hopping on 6, (o).

Define Cval(c), Cpk(c), Cda(o), Cdd(c) and Fix(o) to be the set of cyclic valleys, cyclic
peaks, cyclic double ascents, cyclic double descents and fixed points of o.

Proposition 2.3. [CJZ20, Proposition 3 and 4] For any S C [n] and 0 € &,,, we have
1. Cval(s(0)) = Cval(o);  Cpk(ts(a)) = Cpk(o);
2. Cda(vg(o)) = (Cda(o) \ S) U (SN Cdd(e)),
3. Cdd(vs(o)) = (Cdd(o) \ S) U (SN Cda(o));
4. Fix(us(0)) = Fix(o);  eye(ts(0)) = cye(o).

In other words, the cyclic valley-hopping does not affect cyclic valleys, cyclic peaks and
fixed points, the number of cycles, but toggles between cyclic double ascents and cyclic dou-
ble descents. As an application of cyclic valley-hopping, we give a combinatorial proof of the
following result, which can be derived by combining formula (1.8) and (1.7a).
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. .
0564293728101 056249873101

Figure 2.1: Cyclic valley-hopping on 6,(c) = 56429378101 with S = {4,8} yields
€5001(0) =56249873101.

Theorem 2.4. If vy = ujus and x + y = uz + uy, then

AY(z,y,t| o) = Z (u1u2>cpk(0)u§da(0)uzdd(a)tﬁx(a)acyc(a). @.1)
[S(C2

Proof. Given a subset S C [n], consider cyclic valley action of Z} on &, via the func-
tions 1g. For a permutation 0 € &, denote the orbit of o under cyclic valley-hopping
by Orb(o) := {¢s(0)|S C [n]}. Let & be such a unique element with cdd(a) = 0 in Orb(o).
By Proposition 2.3, we have

Z (u1u2)cpk(7r)ugda(ﬂ')uzdd(ﬂ)tﬁx(w)acyc(ﬂ’) _ (uluQ)cpk(a') (U3 +u4)cda(&)tﬁx(5’)acyc(5’)' (2.2)
w€Orb(o)

By definition, it is clear that for o € G,,,
exc(o) = cda(o) + cpk(o) and drop(o) = cdd(o) + cval(o). (2.3)
Setting u; = ug = x and uy, = uy = y in (2.2) yields

Z xexc(w) ydrop(w)tﬁx(w) acyc(w) _ (xy)cpk(ﬁ) (ZE‘ + y)cda(ﬁ)tﬁx(ﬁ) acyc(&) . (2.4)
w€O0rb(o)

Thus, if uyuy = zy and uz + u4 = = + y, combining (2.2) and (2.4) we have

Z (u1u2)cpk(w)ugda(ﬂ')uzdd(ﬂ)tﬁx(rr)acyc(w) _ Z xexc(w)ydrop(ﬂ')tﬁx(w)acyc(w)' (2.5)
weO0rb(o) w€O0rb(o)

Then summing over all the orbits of G,, gives Eq. (2.1). [
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2.3. Proof of Theorem 1.2

We need the following combinatorial formulation of the binomial theorem.

Lemma 2.5. Let E be a finite set, we have

(Oé + ﬁ)‘El _ Z a#{er : h(w):O}B#{mGE : h(r):l}' (2.6)
h:E—{0,1}

Explanation. The exponent #{z € E : h(x) = 1} counts the number of elements of £ sent to 1
(those contributing a factor ), while the remaining elements, sent to 0, contribute a factor «.
Each function h : E' — {0, 1} encodes a subset of F, namely the set

Ap={z € E:h(x)=1}.
Summing over all 2/” maps h amounts to summing over all subsets A, C E, and we obtain the
usual binomial expansion

|E|

(a+ )P =>" ('f') Bk gk, 0

k=0
For 7 € G, let Fix(m) denote the set of fixed points of 7 (that is, the cycles of length 1),
and let Cyc.,(7) denote the set of the remaining cycles of . Then the set of all cycles of  is

C(rm) := Fix(m) U Cyco(m).

A cycle-decorated permutation (m, h) is a permutation 7 in which each cycle is assigned a label
in {0, 1}. We denote by

&= {(mh) : TE€S,, h:C(r)—{0,1}}

the set of all such pairs. Let &* denote the set of pairs (0, 7) € &4 x Sp, where (A, B) is an
ordered set partition of [n]. Given a cycle-decorated permutation (7, h) € &4, we associate to it
a pair (o, 7) of permutations acting on two disjoint subsets A and B of [n] such that AUB = [n],
where A (resp. B) is the underlying support of o (resp. 7). This defines a bijection

d: 6“1 — &X, d(m, h) = (0,7), (2.7

obtained by grouping together the cycles of 7 according to their decoration: cycles labeled by 0
(resp. 1) form the permutation o on A (resp. 7 on B).

By Theorem 2.4, under the assumption that xy = uyus, * +y = us + uy, the right-hand side
of equality (1.16) can be written as

A;yc (l’, Y, t(OéUg + B’lm)(&f + 59)71 | af + ﬁg)

= > (ugup) PO ug DuG D (g + Bug)) T (af + Bg)F O (2.8)
eSS,
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Using (2.6), it is clear that
(JJO + xl)ﬁx(w)<y0 + yl)cyc(w)—ﬁx(ﬂ)

1
_ Z H mz&{xEFix(ﬂ) : h(x):i}yz#{wec}’c>2(ﬂ') : h(l")zl}. (29)
h:C(m)—{0,1} =0

Let £ be a finite subset of Z~(. For m € G define the weight function.
w(m; a,t,b) = (u1u2)Cpk(”)ugda(w)uzdd(ﬁ)tﬁx(”)bcyc(”)_ﬁx(”)acyc(“). (2.10)

Since a cycle-decorated permutation (7,h) has the same cycle structure as 7 and @
preserves the weight function, applying Eq. (2.9) to (2.8) with (zg,z1) = (taus,tfuy)
and (yo,y1) = (af, Bg), we obtain

t(aug + Buy) )
AY N2y, ————|af +Bg | = w(mo; o, ust, f)w(my; B, ugt,
(s AP a4 g X ity w5
= Y wioia,ut, flw(rfut,g),  (2.11)
(J,T)EGﬁ

where 7 (resp. 1) the product of cycles in 7 with label O (resp. 1). The second equation follows
from (2.7).

The mapping p. Let &* denote the set of cycle-decorated permutations (7, k) of [n] with
a 2—coloring h of the cycles (equivalently, pairs (o, 7) of disjoint-support permutations whose
product is 7, with the cycles of ¢ colored, say, red and those of 7 blue). Define

p:G*X — &,4, (0,7) —> T :=01(0) (n+ 1) O2(7),

where 6, and 6, are the two transformations introduced in section 2.1.

Since o and T are permutations on disjoint subsets A and B of [n| with AU B = [n], and 6,
and 6, act locally on each cycle, we may apply 6, and 6, separately to 0 € G4 and 7 € Gp.
Clearly the mapping p is a bijection satisfying the following properties:

cpk(o) + cpk(1) = pk(7) — 1, (2.12a)
cda(o) + fix(o) + cda(r) = da(7), (2.12b)
cdd(o) + cdd(r) + fix(7) = dd(7), (2.12¢)
fix(o) 4 fix(7) = lmaxda(7) + rmaxdd(7), (2.12d)
cyc(o) — fix(o) = Imaxpk(7) — 1 (2.12e)
cye(r) — fix(7) = rmaxpk(7) — 1, (2.12f)
cyc(o) = lmax(7) — 1, (2.12¢)
cye(r) = rmax(7) — 1. (2.12h)
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TN
N,

Figure 2.2: The mapping p : (o,7) — 7 =27159108436.

Since pk — 1 = val, combining (2.12) with (2.11) we obtain

Z w(o; a,ugt, w(T; B, ugt, g)

(0,7)ECK
— Z (u1u2)val(%)uga(%)uid(%) flmaxpk(%)—lgrma.xpk(%)—l
TESh+1
x tlmaxda(%)—l—rmaxdd(%)Oélmax(%)—lﬁrmax(%)—l.
This proves (1.16) in view of (1.15). O

We give an example to illustrate the construction of p by identifying each element (o, 7) € G*
with a cycle—decorated permutation (7, h), where 7 € &,, and h is a 2—coloring of the cycles
of . That is, for each cycle of 7, the map h assigns a color in {Red, Blue}.

Example 2.6. Let (0,7) € G with
o= (2)(9)(571), T =(643)(8).
Then 6,(c) = 27159 and 05(7) = 8436. Hence
T=27159108436 € Gy,

as illustrated in Fig. 2.2. As a verification of (2.12), we obtain:

* cyc(o) =3, cyc(r) =2;

* cpk(o) = {7} =1, cpk(r) = {6}] = L;

* cda(o) = [{5}[ =1, cdd(r) = [{4}[ =1,

* fix(o) = [{2,9}] =2, fix(7) = {8} = 1;

* pk(7) = [{6,7,10}] =3, wval(m) = [{1,3}| = 2;

» da(m) =[{2,5,9}| =3, dd(7)=1[{4,8} =2;
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e lmax(m) = [{2,7,9,10}| =4, rmax(7) = |{6,8,10}| = 3;
* lmaxda(7) = [{2,9}| =2, rmaxdd(7) = [{8}| =1;
e Imaxpk(7) = |{7,10}| =2, rmaxpk(7) = |{6,10}] = 2.

3. Applications of the main theorems

In this section, we investigate a special case of A, (u, f, g,t| «, ) namely the («, t)-binomial-
Eulerian polynomials A, (z,y,t|a) and present a symmetric («, ¢)-Eulerian identity which is
an (a, t)-analogue of Chung—Graham-Knuth’s identity (1.5). In the last two subsections, we
fruther show that both the («, t)-Eulerian polynomials and the («, t)-binomial-Eulerian polyno-
mials admit various y-expansions. Moreover, we provide a combinatorial interpretation of the
normalized ~y-expansions of A, (z,y,t|«) in terms of cycle André permutations as well as the
André permutations of type 1 and type 2.

3.1. («a,t)-binomial-Eulerian polynomials

Define the (c, t)-binomial-Eulerian polynomials

Ap(zyy, t|a) = Az, y, (x4 y)t| ). (3.1)
Proposition 3.1. If vy = ujus and x + y = uz + gy, then
Avn (.T, y,t | Oé) _ Z (u1u2)val(a)uga(ﬂ)ujd(a)tlmaxda(a)—i—rmaxdd(a)almax(a)+rmax(a)—2‘ (3.2)

O'E./Vln+1
In particular, setting u, = us = x and us = uyq =y, we have

gn (CE, n ¢ ’ Oé) — Z xasc(a)ydes(a)tlmaxda(U)Jrrmade(o)almax(a)+rmax(0)72. (33)

O'E./\/ln.H
Proof. By Theorem 1.2 with f =0, g = 1, and o = (3, we have
A (z,y, (x +y)t|a) = A, (0, 0,1, ] o, ). (3.4)

It follows from (1.15) that A, (u,0,1,¢|«) is the enumerative polynomial of permutations o
in &,,11 such that Imaxpk(c) = 1, this means that n + 1 is the unique left-to-right maximum
and also a peak of o, equivalently, 0 € M, ;. 0

Note that Proposition 3.1 provides a t-analogue of Ji-Lin’s Theorem 1.5 in [JL.24]. The first
four values of A, (z,y,t|«) are as follows:

Ai(a,y,t|a) = at(z +y),

Ay(z,y,t| @) = ®2 (22 + %) + (20282 + o)y,

Ag(z,y,t]a) = (2 +°) + (30t + 3a’t + a) (2°y + zy?),

Az, y,t]a) =o't (z* + y*) + (4t + 60°t” + 40°t + ) (2°y + 2y?)

+ (6a4t4 + 1203% + 8a%t 4 30 + 4a) x2y?.
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We need the following known properties of the fundamental transformation 65 in Section 2.1,
see [Stal2, p. 30].

Lemma 3.2. Foro € 6,, we have
* exc(o) = asc(ba(0));
* fix(0) = rmaxdd(6,(0));
* cyc(o) = rmax(0y(0)).

Example 3.3. If 0 = 4271365, then 6 = (537)(6)(14)(2) and 0’ := 6,(0) = 5376142. We
verify that

e exc(o) = |{1,3} = 2, fix(o) = |{2,6}| = 2, cyc(o) = 4;
* asc(o’) = {2,5}| = 2, rmaxdd(c’) = [{2,6}| = 2, rmax(c’) = [{2,4,6,7}| = 4.

Define two kinds of («, t)-Eulerian numbers as follows:

<”> = Y Qe (1< k<), (3.52)
k ot oe6n
exc(o)=n—k
and o\ asc
<k:> — Z armax(a)trmaxdd(cr) (1 <k< n) (3.5b)
a,t

ogEGn
asc(o)=n—k

By Lemma 3.2, it is easy to see that the two («, t)-Eulerian numbers are equal. Let

s = (ke = (i 36

Theorem 3.4. For integers a,b > 0, we have

S (D)) g (), o

k>0 k>0

where <2>a,t - <§>a,t - 5k70'

exc

Proof. We prove (3.7) with <Z>at = <Z>at. As exc + drop + fix = n over G, it follows

from (1.6b) that

n

A;yc<$, Y, ty | CY) _ Z xexc(a)ydrop(a)—i-ﬁx(a)tﬁX(U)aCyC(U) — Z <TL> mn—kyk' (38)
ceGn, k=1
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n\k| 1 2 3 4
1 |at
2 |« a’t?
3 |« a + 3a’t a’t3
4 a da+3a® +40%t o+ 4Pt + 6032 ottt

Table 3.1: The first values of <Z>at forl <k <4

By expanding A%°(z,y,t(x + y) | o) according to a partition of the fixed points of permu-
tations in G,, into two types, called blue and red, we deduce from (3.1) and (3.8) the following
binomial identity:

An<l’,y,t|05) - A

(¢}

V(2 y, t(r +y) | @)

(”) ()" A (2, g, ty | )

m

(Z) (at)" S <7>t 2y (3.9)

=1

3

I

3
Il
=)

where () = (5)s = Oko-
The polynomial A%(z,y,t(x + y)|«) is symmetric in = and y, because the inversion
map ¥ : o — o ! on &, interchanges the numbers of excedances and drops, while leaving

the number of fixed points invariant, that is,
(exc, drop, fix) (o) = (drop, exc, fix) (o). (3.10)

Extracting the coefficients of 2% and 2°y® with n = a + b in Eq. (3.9) we obtain Eq. (3.7)
for (1), 0
Remark 3.5. The equidistribution (3.10) also follows from the ~-formula in Proposition 3.8.
Identity (3.7) is an («, t)-analogue of (1.5). When ¢ = 1, by complement operation o +— o°,

asc

identity (3.7) with <Z>a ) yields Ji and Lin’s Theorem 4.1 in [JL24].

Remark 3.6. If 0 € &,, with 07 = n, then Imaxda(o) = 0 and Imax(c) = 1. From (3.3), we
have

A\n (.T, y,t | Oé) — Z xasc(a)ydes(o)trmaxdd(o) armax(a)—l

cEM 1
o1=n+1

_ Z xasc(a)ydes(U)Jrltrmaxdd(o)armax(cr)
geG,

asc

-y <”> gnktlyk (.11)
I{Z ot
k=1

A similar proof of (3.7) with <Z>ZS§ can be given using (3.11).
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3.2. v-positivity of (a, t)-Eulerian polynomials

In this section, we investigate the y—coefficients of the two families of («, ¢)-Eulerian polyno-
mials, namely

Ap(z,y,t|a) and  A,(z,y,t|a).

We shall show that their y-coefficients are polynomials in N[« ¢] by providing several combina-
torial interpretations. Moreover, we derive explicit expressions for their exponential generating
functions.

Lemma 3.7. For any variable f, we have
An(x7y70ax+y7f7 ]"t|a7a)
_ asc(o) n—2asc(o) glmaxpk(c)—1rmaxdd(o) . Imax(o)+rmax(c)—2
(xy) (x +vy) f t a (3.12a)

0€G 41
da(o)=0

_ Z (ajy)exc(a) (.CE + y)n—Qexc(J)tﬁx(U)acyc(U) (f + 1)cyc(a)—ﬁx(a) ) (3.12b)

O'€6n
cda(o)=0

An(may7$+y>0af>1>t’&aa)
_ Z (:L,y>des(0') ((E + y)n72des(a) flmaxpk(a)fltlmaxda(o) Odlmax(o‘)Jrrmax(U)fQ (313&)

U€6n+1
dd(o)=0
_ Z (xy)drop(o) (IE‘ + y)n—2drop(cr)tﬁx(a) acyc(cr)(f + 1>CyC(G')—ﬁX(O'). (3.13b)
cdad%ae’)nzo
An(17my7 x—;y’ x—;y7f7 1’t|a7a)
n—2val(o)
— Z (:L,y)val(g) (.CE + Z/) flmaxpk(o)—1tlmaxda(a)—i—rmaxdd(o)almax(a)—l—rmax(a)—Q
2
0E€G 41
(3.14a)
n—2cpk(o)
= Z (xy)cpk(a) <J; ;— y) (zt)ﬁx(a)acyc(o)(f + 1)cyc(cr)fﬁx(o). (3.14b)

oeG,

Proof. First of all, by definition (see Section 1), it is easy to verify the following identities:

val = pk — 1, asc = val 4+ da, des = val + dd; (3.15a)
cval = cpk, exc = cval 4 cda, drop = cpk + cdd; (3.15b)
fix + cdd + cda = n — cpk — cval = n — 2cpk. (3.15¢)

When a = § and g = 1, Theorem 1.2 (with xy = uyus and x + y = uz + uy4) becomes

An(uh Ug, U3, Ug, fa 17t ’ «, Oé) = A;yc (I7 Y, j—__::? t | Oé(f + 1)> . (316)
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(i) Letu = (z,9,0,z + y) in Eq. (3.16), then the left-hand side becomes A, (z,y,0,x + v,
1,t| o, ), which is equal to (3.12a) by definition (1.15) and (3.15), while the right-hand
side of Eq. (3.16) becomes (3.12b) by Theorem 2.4.

(ii) Letu = (x,y,z + y,0) in Eq. (3.16), similarly, we prove Eq. (3.13a) and (3.13b).
(iii) Letu = (1, zy, “y, 2¥Y) in Eq. (3.16), then the left-hand side becomes

A, (ny,x;y Y ft)a, a>,

which is equal to (3.14a) by definition (1.15) and (3.15), while the right-hand side of (3.16)
becomes (3.14b) by Theorem 2.4. ]

For convenience of description of the y-coefficients, we shall define three types of subsets
of G&,, with respect to cyclic statistics and linear statistics of permutations, respectively.
The cycle type subsets of G,,:

cda=0 . . _ — ;1.
&, o = 10 € 6, : cda(o) = 0 and exc(o) = j}; (3.17a)
6%?3r03:j :={0 €&, :cdd(c) =0 and drop(c) = j}; (3.17b)
&Pk = {0 € G, : cpk(o) = j}. (3.17¢)

The linear counterpart subsets of &,,:

Soter_; i={o € &, : da(0) = 0 and asc(o) = j}; (3.18a)
St := {0 € &, : dd(0) = 0 and des(0) = j}; (3.18b)
&P .= {0 € &, : pk(o) = j}; (3.18¢)

and the subsets of M,,:

M) = {0 € M, : da(o) =0 and asc(o) = j}; (3.19a)
M, =={0 € M, : dd(c) = 0 and des(o) = j}; (3.19b)
MPE=I = Lo € M,, : pk(o) = j}. (3.19¢)

In view of (3.1), we see that ﬁn (x,y,t| ) is symmetric in z and y, and the first few expansions
in elementary symmetric polynomials are as follows:

Pt (x +y)* + axy,
a’t*(z +y)® + (a + 3a?)try(x +y),
g,y t]a) = 't} (z + y)* + (60° + 40 + a)Pwy(z + y)* + (30” + 20) (wy)*.

Ai(z,y,t]a) = at(z +y),
)=
) =

(

A2(‘r y,t‘Oé

A3(:E y,t|0€
(

From Lemma 3.7, we derive the following combinatorial interpretations of the coefficients
in the expansion in elementary symmetric polynomials of A, (z,y,t|«) in terms of linear and
cyclic statistics.
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Proposition 3.8. Forn > 1, we have

Au(x,y,t|a) Z%] (v, ) (wy) (z +y)" ™, (3.20)

where for 0 < j < [n/2],

Faglaty = Y o imedd) (3.21a)
UeMn+1 ,asc=j
=Y @ (3.21b)
oe6iia,
_ Z o max(o)+rmax(c)—2Imaxda(o) (3.21¢)
UeMgLilode% =J
_ Z e (0)4fix() (3.21d)
LSS
— 9Zj—n Z lmax(U)+rmaX(U)—QtlmaXda(U)+rmade(U) (3.21e)
UGMfLIfH]
_on Y e (i), (3.21f)
JEG%pk:j

Proof. Recall (see (3.1)) that
Az, y,t|a) = A (x,y, (x +y)t| ). (3.22)
From the above formula and Eq. (3.16) with f = 1, uyus = xy and us + u4 = x + y, we obtain
/Tn(x, y,tla) = Ay (ug, ug, us, ug, 0,1, ¢ | o, ). (3.23)
Combining (3.23) with uz = 0 (resp. vy = 0) and (3.12) (resp. (3.13)) with f = 0, we obtain the
twin interpretations (3.21a) and (3.21b) (resp. (3.21c) and (3.21d)). Note that we obtain (3.21a)

by using the fact that if o € M,, and da(c) = 0, then lmax(o) = 1.
Similarly, let u; = 1, up = 2y and uz = uy = *3¥ in (3.23), we obtain

An(z,y,t]a) = A, (1, 2y, “’Tw v ; Y0.1,t|a, a> . (3.24)
Combining (3.24) and (3.14), we obtain the twin interpretations (3.21e) and (3.21f). ]

Remark 3.9. Previously, Shin—Zeng [SZ12, Theorem 11] proved the ¢ = 0 case of (3.21b), i.e.,

Aflyc(l’, n 0 | a) _ Z Oécyc(o)(xy)exc(a)(l, + y>n—2exc(0)7 (325)

cda=0
UEGn ,ix=0
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where G520 = {0 € &, : cda(o) = 0 and fix(c) = 0}.
In fact, it is easy to derive the general case (3.21b) from (3.25) as in the following. Counting
the permutations in &,, by the number of fixed points and plugging (3.25), we obtain

n

A3 Ceta ) [) = 3 (1) fatlo + ) A5 (0,001 )

k=0

- n —zexclo
_ Z (k> (oaf)k Z acyc(a)(xy)exc(a)(x + y>n 2exc(o)

— da=0
k=0 oeB k=0

> acye(a)tﬁx(g)) (zy) (z +y)" 7. (3.26)

cda=0
UEGn,eXC:j

[n/2] <

=0
An equivalent form of (3.26) appeared in [MMY Y24, Theorem 3.4] and [PS24, Theorem 7].
One can also derive this result from [CJZ20, Theorem 6]. When ¢ = 1, by complement opera-
tion o — o€, the three combinatorial interpretations (3.21a), (3.21c) and (3.21e) yield the three
combinatorial interpretations of the ~y-coefficients in [JL.24, Theorem 2.1].

From Lemma 3.7, we obtain the following combinatorial interpretations of the coefficients in
the expansion of A,(z,y,t|a) = AY°(z,y, Z2¥t|2«) in elementary symmetric polynomials,
expressed in terms of linear and cyclic statistics.

Proposition 3.10. Forn > 0, we have

/2]
Au(r g t]a) = 3 sglon ) ay)(a + )", (327)
j=0
where for 0 < j < |n/2],
glant) = D almeslerrmao) 2pmadd(o) (3.284)
Ueeiizl?asc:j
_ Z gcye(o)—fix(a)  cye(o) pix(o) (3.28b)
oe6slaZl
_ Z almax(a)+rmax(a)72t1maXda(0) (3.28¢)
Je@?f}k:l,odes:j
_ Z gcye(o)—fix(a)  eye(o) fix(o) (3.28d)
oeeiTo s
— 92j—n Z almax(a)+rmax(a)72t1maxda(0)+rmade(U) (3.28e)
aerflel
— 92j—n Z (Qa)CyC(U)tﬁX(U). (3.28f%)

ce@Pk=I
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a’t? 2a0

a3 200 + 60t

ottt 200 4+ 8a’t + 12a3t? do + 1202

a’td 2o + 1002t + 2003t% + 20at® 16 + 4002 + 2002t + 6003t

3
TR W N~ O —
.

o

~

Table 3.2: The first values of v, ;(«,t) for 0 < 2j <n < 5.

Proof. Recall (see (1.21)) that
An(z,y,t| o) = AFC (xy ITert | 204) -

From the above formula and Eq. (3.16) with f = 1, uyus = xy and us + vy = x + y, we derive
Ap(z,y,t] o) = Ap(ug, ug, us, ug, 1,1, ¢ | o, ). (3.29)

Combining (3.29) with uz = 0 (resp. us = 0) and (3.12) (resp. (3.13)) with f = 1, we obtain the
twin interpretations (3.28a) and (3.28b) (resp. (3.28c) and (3.28d)). Specializing equation (3.29)
withu; = 1, up = xy and uz = uy = w—;y we obtain

Ap(z,y,tla)=A, (l,xy, a ;— y’ xT—i_y, 1,1,t|a, 04). (3.30)
Combining (3.30) and (3.14), we obtain the twin interpretations (3.28¢) and (3.28f). ]

The first few values of 7, ;(«, t) are given in Table 3.2.

Theorem 3.11. Forn > 0, we have

wrd\ P2 raig | |
An (x,y,ﬂ 2 ) = j;o Yn,j (T?t) (xy)]($ + y)n_2j> (3313)
where for 0 < j < [n/2],
a+ 6 _ 92j—n Imax(o)—1 grmax(o)—1lmaxda(o)+rmaxdd (o)
%J( ; ,t) = 2% Z, o B t . (3.31b)
ceaPRTIt

n+1

Proof. By (1.21), we have

A, (x,y,t!aJrB):A%yc<x,y,x—+ytloz+ﬂ>. (3.32)

2 2
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Letu = (1, xy, xTer, gﬂ), it follows from Theorem 1.2 and definition (1.15) that
+
ACYC( Y, 2y |a +ﬁ)

:An(l,xy,“y,”y,l,l,ﬂa,ﬂ)

2 2
— Z (xy)val(o) ((L’ + y)n—2val(a)tlmaxda(o)—l—rmaxdd(a)almax(a)—l5rmax(o)—122val(a)—n' (333)
066n+1
As val = pk — 1, combining (3.32) and (3.33) yields (3.31b). ]

Remark 3.12. Theorem 3.11 provides a t-analogue of Ji’s Theorem 1.8 [Ji25]. Setting o = [ in
equation (3.31b) we obtain (3.28e). Combining (3.28¢) with v — O‘Tw and (3.31b) we obtain

Z (Za)lmax(a)—l (QB)rmax(a)—1t1maxda(a)+rmaxdd(0)

O’Eka Jj+1

_ Z (Oé + 5)lmax(o)+rmax(a)72tlmaxda(a)+rmaxdd(a)' (3.34)

pk=j+1
o€,

This identity is far from trivial. When¢ = 1, Dong, Lin and Pan [DLP24, Theorem 1.5] provided
a combinatorial proof of Eq. (3.34). Finding a purely combinatorial explanation of Eq. (3.34)
would be of independent interest.

Define the generating polynomials of the two kinds of «y-vectors in (3.20) and (3.27)

GY(x,t,a) = Z%] a, b)) = Z xeXC(U)tﬁX(")aCyc("), (3.35a)
oeGgda=0
$ t, OZ Z’Vn] a, t _ Z xasc o) lmax J)+rmax(a)—2trmaxdd(a), (3.35b)
0’662110
where

Gd=0 .= {5 € G, :cdafc) =0} and &P .={sec &, da(o) =0} (3.35¢)

Theorem 3.13. Let ©w = /1 — 4x. We have

n

(t-1)2
1+ZGCyC(:U t,a)z te

o n \T, nl <ucosh(uz/2) —Sinh(uz/g)) g (3.36a)

uez(t 1)z

2" 2c
1+ ;Gn(l’,t,a)m <u cosh(UZ/Q) - Sinh(uz/Q)) : (3.36b)
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Proof. Withy = 1 and s = ﬁ, the two y-expansions (3.20) and (3.27) can be written,
respectively, as follows,
AP (z, Ltz + 1) |a) = (1 4+ 2)"GP(s, t, a), (3.37a)
Az, 1t ) = (1 +2)"Gu(s, t, ). (3.37b)

Plugging (3.37a) in (1.7a) yields

n tz a
cyc Z_ _ (.Z' — 1)6
1+ g GY(s,t, a)n! =\ sertr0 — i ) (3.37¢)

n=1

After a little computation, the right-hand sides of (3.36a) and (3.37c) agree under substitu-
tionu = 7% = 1 — 4s.

From (1.17) with uy = ug = x, up = uy = f = g = 1, we derive

Z" r—1 2
1 An(w, 1t ) = etttz [ _— ) 3.37d
+§; (.1, t]a)— =e — (3.37d)
Formula (3.36b) can be proved similarly by plugging (3.37b) in (3.37d). [

Remark 3.14. Formula (3.36a) appeared in [MMYY24, Eq. (13)] with a different proof,
and (3.36b) is a t-analogue of Carlitz and Scoville’s formula [CS74, Eq. (4.10)].

3.3. y-vector of («, t)-Eulerian polynomials and cycle André permutations

Forn > 0and 0 < j < [n/2], let

dpj(a,t) = (0, 1) /2. (3.38)
Then, Eq. (3.27) reads
An(z,y,t|a) =Y 2d, j(a,t)(zy) (z +y)" . (3.39)
j=0

From Table 3.2 we derive the first values of d,, j(«a,t) in Table 3.3. A glance at these values
foretells that the polynomials d,, ;(c,?) have nonnegative integral coefficients. Indeed, from
Corollary 1.5, we derive the continued fraction

oo |n/2]
. 1
SN djlat)aiz" = W , (3.40a)
z
1-— blz — 2

1— by —---
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n\j| O 1 2
0 1
1 at
2 | o?t? o
3 | a3t a + 3a’t
4 | ot a + 4a’t + 6a3t? a + 3a?
5 | a®® a+ 50t + 1003t + 100t 4o + 1002 + 5a’t 4+ 15a3t

Table 3.3: The values of d,, j(c,t) for 0 < 2j < n < 5.

where
be = k + o, (3.40b)
k+1
Ayl = ( —21- )x +alk+1)z (k>=0). (3.40c¢)

It follows that the polynomials d,, ;(«, t) are elements in N[, ¢]. The aim of this section is to
provide three combinatorial interpretations in terms of cycle André and André permutations.
Note that when © = o = t = 1 Eq.(3.39) is equivalent to the y-expansion of Eulerian
polynomials (1.4) and d,, ;(1, 1) is the number of André permutations of [n+ 1] with j descents.
There are many equivalent ways to define an André permutation. Following Foata—Strehl
[FS74] and Hetyei—Reiner [HR98], we define André permutations in terms of z-factorization.

Definition 3.15. Let 0 = 0103 ...0, € 6, and let x = ¢, for i € [n|. The z-factorization of &
is given by o = u \(x) z p(x) v, where

(1) Mz)=0j---0,ywithoy >zforj<I<i—1l,u=o0y---0;_1,and 0;_; < x.
(2) p(x) =0i41---opwithoy >z fori+1 <1< k,v=0k11 - 0p and g1 < .
Here, any of words u, A\(x), p(x), v may be the empty.

Example 3.16. [f c =810145113612279 € G;5, then, the 3-factorization of o is

810145113612 279.
—— = T~ S~
u A(3) p(3) v

Definition 3.17 ((HR98]). Let 0 = 0, ---0, € &,,. Say that ¢ is an André permutation of
the first kind (resp. second kind) if o has no double descents, i.e., 0,1 > 0; > 0,1, and each
x-factorisation u A(z) x p(z) v of o has property

e MNz)=gifp(z) = g,

* max(A(x)) < max(p(x)) (resp. min(p(x)) < min(A(z))) if p(x) # @ and A\(z) # @.
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n=1 1, n=2: 12;

n=3 123,213;

n=4: 1234, 1324, 2314, 2134, 3124;

n =25 12345, 12435, 13425, 23415, 13245, 14235, 34125, 24135,
23145, 21345, 41235, 31245, 21435, 32415, 41325, 31425.

Table 3.4: André permutations of the first kind of length < 5.

n=1. 1, n=2: 12;

n =3 123,312;

n=4: 1234, 1423, 3412, 4123, 3124;

n=>5: 12345, 12534, 14523, 34512, 15234, 14235, 34125, 45123,
35124, 51234, 41235, 31245, 51423, 53412, 41523, 31524.

Table 3.5: André permutations of the second kind of length < 5.

Let Al (resp. A?) be the set of André permutations of the first (resp. second) kind in &,,.
For n € [5], these permutations are given in Tables 3.4 and 3.5. It is known [FS70] that the
cardinality of A! (resp. A?) is the Euler number E,,, which is the nth coefficient in the Taylor
expansion of sec(z) + tan(z), namely,

Z Eni—T: = sec(z) + tan(z). (3.41)

n>0

The sequence E,,’s starts with 1, 1, 2, 5, 16, 61, 271, ..., see [Slo, A138265].

Leto = 010, € 6, with 0y = 0,41 = 0. A right-to-left minimum (rmin) of o
is an element o; such that o; > o;ifn > j > i > 1. Aletter 0; € [n] is a right-to-left-
minimum-double-ascent (rminda) if it is a double ascent and also a right-to-left minimum.
Hwang et al. [HJO23] introduced cycle André permutations to characterise the so-called Web
permutations.

Definition 3.18 ([HJO23]). Let A := {ai,...,ax} be a set of k positive integers.
Let C' = (a;---ax) be a cycle (cyclic permutation) of A with a; = min{ay,...,ax}. Then,
cycle C'is called an André cycle if the word as - - - ay, is an André permutation of the first kind.
We say that a permutation is a cycle André permutation if it is a product of disjoint André
cycles.

Let CA, be the set of cycle André permutations of [n]. For example, (1 5 6)(2 7 4 8)(3)
is a cycle André permutation, but (1 2 5 3)(4) is not because the p(3) = @ and A\(3) = 5 in
3-factorisation of 253.
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Theorem 3.19. Forn > 0and 0 < j < |n/2], the normalized y-coefficient d,, ;(«, t) in (3.39)
has the following combinatorial mterpretatlons

dpj(o,t) = Y 1)@ (3.42a)

ogcCAp
drop(o)=j

_ Z trminda(a)armin(a)fl (342b)

UEAn+1
des(o)=j

_ Z trminda(U) armin(a)— 1 . (3 420)

o’EAn+1
des(o)=j

Theorem 1.7 follows from Theorem 3.19 together with (3.39). We shall prove Theorem 3.19
in the next section. Our proof proceeds as follows. First, we establish (3.42a) by showing that the
exponential generating functions of both sides coincide. Next, we deduce (3.42b) from (3.42a)
by constructing a bijection ® : C.A,, — Al _,. Finally, we derive (3.42¢) from (3.42b) by means
of a bijection ¥ : A}, — A2, built upon André trees.

4. Cycle André and André permutations: Proof of Theorem 3.19

4.1. Counting André permutations of type 1 by des and Imax
When z =t = 1,let v, ;(«) := 7,,(a, 1) and
An,k(a) — Z almax(o‘)+rmax(o‘)—27 (413)

€611
des(o)=k

then, Eq. (3.27) can be rephrased as
[n/2]

> Ans(a)yf = Z Yng(@)y? (1 +y)" ™. (4.1b)
k=0

By considering the position of the letter 1 in permutations of &,, 5, one readily verifies that the
coefficients A, x(«) obey the following recurrence relation:

Apiikla) =(k+a)App(a) + (n+1—k+a)A, (@), (4.1¢)
where Ag (o) = 1and Ag_1(a) =0, for 0 < k < n.

Lemma 4.1. Forn > 0and 0 < j < |n/2], the vy-coefficients v, ; (o) satisfy the recurrence
relation

Ynt1g(@) = (@ + j)ymi(a) +2(n+ 2 — 25)yn -1 (), (4.2)
with vo0(a) = 1 and vy —1(a) = 0. Equivalently, setting d,,+1 ;(«) = Yn11,()/27, then
dy1,5(@0) = (04 +J)dn (@) + (n+2 = 2j)dn ;1 (), (4.3)

with doo(o) = 1 and dy _1 (o) =
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Proof. We verify recurrence (4.2) by induction on n. Since 129(a) = a?, y10(a) = «
and 71 _1(o) = 0, this is obvious when n = 1. If n > 2and 0 < k& < n, Eq. (4.1b) is

equivalent to
n—2j
Auila) = (k I )%,j(a). (4.4)

0<j<k J
Substituting (4.4) in (4.1c) and using (4.2), we derive

§:(n+1f%)(m+jww@@+2m+2—2ﬁ%¢4ma

k —
0<j<k J

::%+a)§:(2:?)%A®+%n+1—h+® Z;Qﬁi%Z)%A@.

0<j<k

Extracting the coefficients of +, ;(a) we obtain:
n+1-—25 fn—1-—25
2(n — 2
(04+])< ko >+ (n J)(k_ _1>
Gra)(" "N s mr1-kra) Y (4.6)
= a n — a :
k—j k—1-—3)’
which can be verified by direct algebraic manipulation. 0

Lemma 4.2. Forn > 0, we have

[n/2]
Z dn,j(a Z xdesa lmax(o)— 1 4.7
Jj=0 oceAl |
Proof. Let
[n/2]
> afel)gmax(o) Z d (4.8)
oceAl 1,

We shall prove that d;, ;(«) satisfies the same recurrence relation (4.3), i.e.,
dyi1 5(@) = (a+)d; j(a) + (n+2 = 2j)d;, 5 (). (4.9)

The left-hand side of equation (4.9) counts permutations o € A;,, with j descents con-
sidering the weights of o™~ Deleting the letter 1 in o € Al 4o yields also an André per-

mutation of {2,3,...,n + 2}. Thus, we can obtain such a permutation uniquely in one of
two ways. For the first way, choose a permutation ¢ = o0y ---0,,; € AL with j descents
where £ = {2,3,...,n + 2}, and insert 1 after o; if i is descent, or insert 1 at the beginning.

Note that letter 1 will contribute a left-to-right maximum at the beginning, while in other posi-
tions not. Thus, there are j + 1 ways to insert 1, so we obtain by this factor (a + j)dy, ;(c). For
the second way, choose 0 = 0y - - - 0,11 € Al with j — 1 descents where F = {2,3,...,n+2},
and insert 1 after o; if 7 is an ascent and ¢ — 1 is not a descent. Since an André permutation
has no double descents, thus there are n — 2(j — 1) ways to insert 1, so we obtain the second
factor (n 4+ 2 — 25)d’ ._{(a). O

n,j—1
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Combining Eq. (4.2), (4.3) and Lemma 4.2, we derive the following exponential generating
function from (3.36b).

Theorem 4.3. We have

n — z — 200
Sy adsegmao1Z ( V2 — Isee(5v2e — 1) ) . (4.10)
n! V2r —1—tan(2y/2z — 1)

[NGIEN

n20 ge Al

Remark 4.4. When o = 1, (4.10) was first proved by Foata and Schiitzenberger [FS73], other
proofs are given by Foata and Han [FHO1], and Chow and Shiu [CS11, Theorem 2.1].

Remark 4.5. It would be interesting to extend the above approach by incorporating a suitable
parameter ¢.
4.2. Counting André cycles by drop

The following is an alternative definition of André permutations of the first kind.

Lemma 4.6 ([FH16]). Say that the empty word e and each one-letter word are both André per-
mutations of the first kind. Next, if w = wiws - - - w, (n > 2) is a permutation of a set of positive
integers Y = {y1 < ya-++ < yn}, write w = vmin(w)v'. Then, w is an André permutation of
the first kind, if both v and v' are André permutation of the first kind, with max(v) < max(v").

Define the exponential generating function

Blaz) =Y Y ate@ ] = (4.11a)
n.:

n=0 UGA}H_I

Then, Eq. (4.10) with o = 1 yields

(4.11b)

V27 — Isec(3v27 — 1) \?
m_mn@m)) '

We give a combinatorial proof of the following lemma, which can also be derived from (4.11b).

B(z:2) = (

Lemma 4.7. We have

E(z;2) = exp <z + x/o (/0 E(z;u) du) dv). (4.11¢)

By(x):= Y a0, (4.12a)

UEA}L

Proof. Let
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By Lemma 4.6, any permutation w € A}, , can be written as w = v1v’ where v and v’ are André
permutations of the first kind. Let j + 1 be the position of 1. Then, classifying the permutations
in A}, by the index j € {0,1,...,n}, we have

Epis(t) = Enpa(z) + 2 Z ( ) )Eni1-j(z), (4.12b)
in other words,
> E,Hz(x)ﬁ =(> Enﬂ(x)i L+ En(x)ﬁ . (4.12¢)
= n! e n! e n!

As E(x;2) = >, oo Ent1 ()%, the above equation can be written as

0z 0

which is the equation obtained by differentiating the two sides of (4.11c) with respect to z. As
the two sides of (4.11c) agree at z = 0, we are done. ]

Let AC,, be the set of André cycles of [n], see Definition 3.18.

Lemma 4.8. We have

n z t
Z Z xdrop(ﬂ)z—‘ :x/ (/ E(z;u) du)dt. (4.13)
n- 0 0

n=2 o€ ACy

Proof. Forc=(1lay ... a,_1n) € AC, withn>2,let{(o)=(ay—1)(az—1)--- (n—1)e Al |
It is clear that the mapping ¢ : AC,, — Al _| is a bijection satisfying

drop(o) = des(((0)) + 1. (4.14)

Therefore,

Z Z :L,drop(a Z Z xdes(a)-{-lz

n>2 o€ ACy, n22 geAl |
n+2
— 23 E, o 4.15
n=0 +1 n + 2) ( )

By (4.11a), the last series is equal to the right-hand side of (4.13). ]
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4.3. Proof of Theorem 3.19 (3.42a)
By Lemma 4.8 we have

Z Z drop a)tﬁx(a t2+z Z drop(a

n>1 o€ AC, n>2 c€ACyp

:(t—l)z+<z+x/oz(/OtE(w;U)dU)dt)~ (4.16)

Recall that a cycle André permutation is a product of disjoint André cycles, and the set of cycle
André permutations of [n] is denoted by C.A,,. Combining (4.16), the exponential formula and
Lemma 4.7 we obtain

Z Z pdrop(o) 4fix(o) cyc(a) — eolt=1)z (E(x, Z))a. 4.17)

n>0 oceCA,

Substituting (4.11b) in (4.17) yields

n / — z / — 2a
Z Z xdrop(o)tﬁx(a)acyc(o) Z_ _ e(t—l)az ( 2z —1 SGC( 2 2x 1) ) ' (4.18)
n! V2r — 1 —tan(5+v/2x — 1)

On the other hand, from Proposition 3.10 and Theorem 3.13 we derive the generating function

n>0 ceCA,

15] . Z a
Z Z d '(Oé t)$jz_ — e(t—l)az( \/Qxi—lsec(—\/i_) )2
e n!

4.19
o V2r — 1 —tan(5v/2r — 1) (19)
Eq. (3.42a) then follows by comparing the above two generating functions. [

4.4. Proof of Theorem 3.19 (3.42b)

We define a map ¢ : CA, — A}, as follows: let 0 = C1C5...C) € CA,, where (4, ...,C
are André cycles ordered from left to right in increasing order of their smallest letters, which
are at the end of each cycle; erasing the parentheses in o and appending letter n + 1 to the end
results in ¢(o).

It is not difficult to verify that ¢ is a bijection (See, for example, the proof of Theorem 4.1 in
Hwang—Jang—Oh [HJO23]). Moreover, similar to Lemma 3.2, we have

(drop, fix, cyc) 0 = (des, rminda, rmin — 1) ¢(o). (4.20)
Thus, combining (4.20) with (3.42a) we prove (3.42b). ]

Example 4.9. If 0 = (561)(7482)(3) € CAs, then 0/ := ¢(0) = 561748239 € A}. More-
over,

* drop(o) = [{6,7,8}| = 3, fix(¢) = [{3}| = 1 and cyc(o) = 3;
* des(o’) = [{2,4,6}| = 3, rminda(o’) = |[{3}| = 1 and rmin(c’) = [{1,2,3,9}| = 4.
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1 1 1 1 1
2 2
2
2 3 4 3 2
3
3 3 4
4 4 4

2134 1234 2314 1324 3124

Figure 4.1: The André trees in 7;' and associated André permutations in A}.

4.5. Proof of Theorem 3.19 (3.42¢)

We construct a bijection ® : Al — A%, which preserves the triple statistic (des, rminda, rmin).
4.5.1 Binary and André trees
A binary tree 7" on a finite ordered set .S is (recursively) defined as follows:

e if S=9,thenT = O,

* otherwise, T'is a triple (77,7, Tz) with r € S and T and Ty are binary trees on S and Ss,
respectively such that ({r}, S1, Ss) is a partition of S (possibly with empty S; or Sy).

For the binary tree 7" = (T}, 7, T5) on S, the element r is called root of the tree, S the set of nodes
or vertices of T', T (resp. 15) is the left (resp. right) subtree of 7. A binary tree is called an
increasing binary tree, if the vertices along any path from the root are increasing. A vertex of T’
without successor is called leaf, otherwise it is an interior vertex. Let leaf(T") be the number of
leaves of T'.

Definition 4.10 ([Dis13]). An increasing binary tree 7" on a finite ordered set is an André tree
of the first (resp. second) kind, if

* no vertex of 7" has only left successor;
 and if x is an interior vertex of 7" with left successor y and right successor z, then
max(7'(y)) < max(T'(z)) (resp. y > z),
where T'(a) denotes the the subtree rooted at « and max(7'(a)) is the largest vertex of T'(a).
The set of André trees of the first kind (resp. second kind) on [n] is denoted 7.} (resp. 7,?).

There is a well-known mapping sending permutations to increasing binary trees [Stal2, Sec-
tion 1.5], which we recall below. Leto = o7 - - - 0,, be a permutation of [n]. We define inductively
a binary tree 7}, as follows. Let z = o; be the smallest letter of o, and factorize

oc=uzxv, where u =0y---0;,.7 and v=0;41 0Op.



COMBINATORIAL THEORY 6 (3) (2026), #3 33

1 1 1 1
3
4 5 2 2 2 3 2
3
4 4 3
3 4 4

4123 1234 3412 1423 3124

Figure 4.2: The André trees in 7 and associated André permutations in A3,

Then z is taken as the root of 7, the left subtree 7, is constructed recursively from w, and the
right subtree T}, from v. If ¢ is empty, we define 7}, to be the empty tree.

The mapping w : o — T}, is thus a bijection from &,, onto the set of increasing binary trees
on [n]. To recover o from T, one performs a symmetric order traversal (or inorder traversal),
that is, a recursive visit of the vertices of 7}, defined as follows: first visit in symmetric order the
left subtree of the root (if it exists); then visit the root itself; and finally visit in symmetric order
the right subtree of the root (if it exists).

By restricting this mapping on André permutations, we obtain a bijection from André per-
mutations to André trees:

wi AL T i=1,2 (4.21)

Example 4.11. The André trees in 7! and 7 and their associated permutations are given in
Figs. 4.1 and 4.2, respectively.

Given an increasing binary tree 7', the right face of T is the path from the root to
a leaf by performing only right-steps. Denote by rface(7) the number of vertices in
the right face of T. Let rface’(T)) be the number of interior vertices having only a right
successor in the right face of 7. For example, in Fig. 4.3, we have rface’(T,) = |{4,8}] = 2
and rface(T,) = [{1,3,4,5,8,14}| = 6.

It is straightforward to verify the following properties, some of which can be found in [Stal2,
Section 1.5].

Lemma 4.12. Letoc = 0y ...0, € &, and T, := w(0), with 0y = 0,41 = 0. Then,

letter 1 is a double ascent of o, iff vertex i of T, has only a right successor;

letter 1 is a double descent of o, iff vertex 1 of T, has only a left successor;

letter i is a valley of o, iff vertex i of T, has left and right successors;
o letter i is a peak of o, iff vertex 1 of T, is a leaf;

* letter i is a right-to-left minimum of o, iff vertex i is in the right face of T,.
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Figure 4.3: The binary tree T, withc =9107112131634125814 € Aj,.

Proposition 4.13. Fori = 1,2 and o0 € A’ with T, = w(0), the following relation holds:
(des, rminda, rmin) o = (leaf — 1, rface’, rface) T,. (4.22)

Proof. In Definition 3.17, we define André permutations by the so-called x-factorizations of
permutations. We only prove the i = 1 case. If 0 € A!, then dd(o) = 0, so (see (1.9))

des(o) = val(o) + dd(o) = pk(o) — 1 = leaf(T,) — 1;

besides, it follows from Lemma 4.12 that rmin(c) = rface(7T,) and rminda(c) = rface'(T,).
O

Example 4.14. If 0 = 9107112131634125814 € A}, then the binary tree T}, is given in
Fig. 4.3. Moreover,

* des(o) = [{2,4,6,8,11} = 5,
rminda(o) = |{4, 8} = 2, and
rmin(o) = [{1,3,4,5,8,14}| = 6;

e leaf(7,) =|{6,10,11,12,13,14}| = 6,
rface’(T,) = |{4,8}| = 2, and
rface(T,) = [{1,3,4,5,8,14}| = 6.

4.5.2 Construction of bijection ®.

Let 7, be the set of all increasing binary trees on [n|. First, for 0 = oy09---0, € &,
let T, = w(o) € T, and define

St, = { i : the vertex o; has two successors in 7, }. (4.23)

Let: € S7,, and [,, and r,, denote the left and right successors of o;, respectively. Define the
operator ¢; on T, as follows:
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Figure 4.4: Two increasing binary trees 7, with o = 47281365910 (Left) and ¢5(T,,) = T,
withT =78410125369.

e ifl,, > r,., then ¢, T, =T,;

e ifl,, < r,,, thenexchange l,, with max(7(r,,)) to obtain anew tree 7", and then rearrange
the vertices of 7"(l,,) and T"(r,,) so that each subtree preserves its internal relative order.

2

Example 4.15. If c = 47281365910 € Gy, then T, = w(o) is shown at the left of Fig. 4.4.
Asos=1landl; =2 < r = 3, wehave ¢5(T,) =T, witht =784101253609.

Lemma 4.16. Let T, € 7, be an increasing tree with ¢ = oy...0, € 6, and
let Sy, = {i : the vertex o; has two successors in T, }. Then, for any i,j € St,, the opera-
tors ¢; and ¢; commute, namely,

¢i(05(15)) = ¢i(i(15)). 4.24)

Proof. If ¢; (or ¢;) is an identity, then Eq. (4.24) is trivial. Otherwise, without loss of generality,
we assume that o; > o0;. If 0; is not a descendant of o, then ¢; and ¢; operate on two disjoint
vertex subsets of 75, and the commutativity is obvious. We suppose that o; is a descendant of [, ,
and
* the vertex set of T'(l,,) (resp. T(rs,)) is Azgj = H{a < ay < -+ < ap}t
(resp. Brgj = {b < by <--- <b}) witha; =, (resp. by = 75,);
o the vertex set of T'(l,,) (resp. T(r,,)) is Ay, = {ar, < ay, < -+ < ay}
(resp. A, = {an, < an,--+ < ap,}) with a;, = I,, (resp. ap, = 75,). Note that
these two sets are subsets of Alaj.

1. We firstly consider ¢;(¢;(15)). By definition, the vertices of the T'(l,,) and T'(r,,) are
changed according to the following substitutions,

ay az az -+ Qp-1 ap by by b3 bl—l bl

e bad 4L L L L (4.25)

az az aq4 --- Qm by ap by by -+ b_g by
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In particular, as A;, and A,, are subsets of A;, , under ¢; the vertices of T(l,,)
and T'(r,,) are changed as follows, ‘

atl atz s (ltp_l atp ahl ah2 R Clhq_1 ahq
\ ool L and | ool Lo, (420
Q141 Qg1 - Gy 41 Gppdd Ahy+1 Qhot1 =~ Qhy 41 Qhgtl

where if a5, = ay,, then aj, 1 = b;. Next, proceeding by ¢;, the vertices of ¢;(7'(l,,))
and ¢;(T'(r,)) are changed according to

At +1 Ggp41 " Aty 41 Qtptd Ahy+1 Qhg+1 0 Ghg 141 Qhg+l
\ ol I and | Lo \ \
Ato+1 Atg41 " Gyl Gpg4d Q141 Qhy+1 " Qhy_o41 Qhy 141
4.27)

2. Now, we consider ¢;(¢;(T5,)). Under ¢;, the vertices of 7'(l,,) and T'(r,,) are changed
according to the following substitutions,

at1 atz e atp_l atp ahl a’hz e ahq_l a’hq
+ 4L Load L o ] o (4.28)
Gt2 Gtg s Cltp a,hq at1 a,hl s ahq_2 ahq_1

Note that the remaining vertices are not changed under ¢;. Next, we proceed by ¢;, the
vertices of ¢;(1'(l,,)) and ¢;(T'(r,,)) are changed by (4.25), then the vertices of ¢;(1'(l,,))
and ¢;(T'(r,,)) are changed as follows

at2 at3 cee atp ahq Cltl ahl e Clhq_2 ahq_1
1 N I and | oo \ L (429)
Ato+1 Atg41 "0 Gyl Gpg4d At +1 Ahy+1 " Qhy_ot1 QAhy_1+1
Comparing the bottom rows (4.27) and (4.29), we prove (4.24). ]

By lemma 4.16, we can define the operator ¥ := [, 5 @i forany T' € T

Lemma 4.17. The operator V is a bijection from T} to T?. Moreover, if T, = w(o)
with o € Al then

(leaf, rface’, rface) T, = (leaf, rface’, rface) U(T}). (4.30)

Proof. By Definition 4.10 and the construction of W, for each interior vertex of W(7,) with two
successors, its left successor is greater than its right successor. Hence ¥(T,) € T2
For o = 0109+ --0, € G, let T, = w(o) € T, and define

St, = {1 : the vertex o; has two successors in 7, }. 4.31)

If i € S, let,, and r,, be the left and right successors of o;, respectively. We define the
operator ¢; ' on the vertices of T, as follows:
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Figure 4.5: (Left) the André tree T, € T;} with associated c=78569210111312413 € A},;
(Right) the transformed tree 715 € T2 under W = Ilies, ¢i» where
7=91078135614211312and S1, = {3,6,8,10,12}.

o if max(7T(ly,)) < max(T(ry,)), then ¢; ' T, = T,;

e if max(7(l,,)) > max(T(r,,)), then exchange r,, with max(7'(l,,)) to obtain a new
tree 7", and then rearrange the vertices of 77(l,,) and 7"(r,, ), so that they keep their same
relative orders.

By a similar argument to that in the proof of Lemma 4.16, we can show that for any ¢, j € St
the operators ¢; ' and ¢; ' commute. Let T; := ¥(T,) € 7,2, with

St. = {i : 7, is a vertex of T with 2 successors}.

Since the operator U merely permutes the labels of vertices of T,,, we have S = Sr.. De-
fine U1 =] !, then

i€St 71

U U(T,) = [ (67 0 6)(Ty) = id(T,) = T,

€St

Thus, ¥ is an injection from 7,! to 7.2. As |T.}| = |T,?| = E,, see [Dis13, FS73], hence V¥ is a
bijection.

Since W does not alter the structure the tree and preserves the relative order within each
subtree, Eq. (4.30) follows immediately. O

Proof of Theorem 3.19 (3.42¢). Itis clear that ® := w™' o ¥ o w is a bijection from A to A2,
Combining (4.30) with Proposition 4.13, we prove (3.42c). L]

Example 4.18. If 0 = 78569210111312413 € A}3, then T, € 7’113, see Fig. 4.5. As
St ={3,6,8,10,12},let ¥ = [],.4  ¢: we obtain ¥(T,,) = T, € T3 and finally

T=wloVow(s)=91078135614211312 € A,

Remark 4.19. Foata and Han gave another bijection from A} to A? in [FH16, Section 3], but
their bijection does not keep the triple statistic (des, rminda, rmin).
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5. Link to successions

Leto € G, anindex i € [n — 1] is called a
* succession (suc) of o if o(i + 1) = o (i) + 1;
* big ascent (basc) of o if o(i + 1) > o(i) + 2.

Let Suc(o) and Basc(o) be the sets of successions and big ascents of o, respectively. Further-
more, we define the sets

e Basc,(0) :={o(i+1) : o(i) +1<o(i+1),i¢€n—1]},
* Des,(0) :={o(i+1) : 0(i) > 0o(i+1),i€[n—1]},
e Suc,(0) :={o(i+1) : o(i) +1=0(i+1),i€[n—1]}.
For 0 € &, we define
/F/i\\x(a) ={i:o(i)=1,ie{2,...,n}},
Exc,(0) == {o(i) : o(i) > i, i € {2,...,n}},
Drop,(0) := {0 (i) : (i) <i, i € [n]},

and denote the corresponding cardinalities by ﬁ?{(a), exc(o) and drop(o), respectively.

We recall a bijection ¢ in [CHZ97, Section 5]. For ¢ = o0y09...0, € &, we
set 0/ = 09...0,07 and define (o) = 65(0’), where 6, is the second variant of the funda-
mental transformation, see Section 2.1.

Example 5.1. If 0 = 142836759 € Gy, theno’ =428367591 and
o = (14389)(567)(2), ¢(0)=143895672.

We have Exc, () = {4,8}, Drop,(c) = {2,3,5}, Fix(c) = {6,7,9}, Basc,(¢(c)) = {4,8},
Des,(p(0)) = {2,3,5}, and Suc,(p(0)) = {6,7,9}.

A pair of consecutive integers (i, 7+ 1) is called a cyclic successionof o € &, ifo(i) =i+1
withi € [n —1].

Theorem 5.2. The mapping ¢ is a bijection on S,, such that for all 0 € S,,, p(0)(1) = o(1)
and
(Exc,, Drop,, Fix) ¢ = (Basc,, Des,, Suc,) ¢(0). (5.1

In particular, we have (éxc, drop, fb\() o = (basc, des, suc) (o).
Proof. Clearly the mappings 0 — o' and o — (o) have the following properties:

S 15&(0) if and only if the pair (i — 1,4) is a cyclic succession of o’, which is equivalent
to i € Suc,(¢(0)).
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* If 0(i) € Drop, (o), theni — 1 > o(i). So the pair (i — 1, o(i)) is a cyclic descent or
fixed point of o’. This is equivalent to say that (i) € Des,(p(0)).

« Ifo(i) € EXCU( ), then (i—1)41 < o(i). This is equivalent to say that the pair (i—1, o (7))
is a big ascent of (o).
Summarising we have (5.1). ]
Remark 5.3. The bijection ¢ provides a combinatorial proof of Theorem 9 in [MQYY25].
Define the polynomials

Fn(llﬁ', y,t | Oé) _ Z xeﬁ:(a)ydrop(a)tﬁ;(a)a/cyc(a).
UEGn

Theorem 5.4. For integer n > 0, we have
cF(z,y,t)a) = A5 (2, y, t|a) + a(z — ) AP (2, y, t | a), (5.2a)
where Ao(x,y,t|a) =1, and
n _ tz | 1+a
N Funia,y,t]a) 5 = oze@“Z(M) . (5.2b)
n!

n>0 rev* — yers
Proof. Note that
Z xexc(o)ydrop(o)tﬁx(g)acyc(o) = OétA;yC (I7 Y, t ‘ Oé),

UGCn+1

Z :L,exc dr0p )tﬁx(a)aCyC(O') = O[A%yc(x; Y, 13 | Oé)-

€641
o(1)=1

According to the position of 1 in a permutation, which is 1 or greater than 1, we have

AT (@t 0) = AT (2 gt o) £ Y oSy dron)ie) gerele),

€S, 11
o(1)>1

Fui(w,y,t]a) = AP (e, t|a) + Y @™ ytror)yixio) g,

CASICPR]
o(1)>1

Combining the above two equations yields recurrence (5.2a), which is equivalent to

n

.CEZF a:y,t\a ZACycxy,t\a) —|—ax—t ZA;yclxy,t\a)%. (5.3)

n>1 n=1 n>1
Invoking the generating function (1.7a) and applying % to (5.3) we obtain
21 0 (x —y)e* \“
Fo(z,y,t]a)— = (5= +alz—1) ) (-]
T2 et (az ot )) ( - y)

which can be shown (or by Maple) to be equivalent to (5.2b). [
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Remark 5.5. By Theorem 5.2, when y = o = 1, and substitute ¢ by zt, Eq. (5.2b) reduces to
Roselle’s generating function for the statistic (asc, suc) [Ros68], namely,

(1 _ x)Ze(a:t+1)z

asc(a)tsuc(a)ﬁ _ ) 54
Z Z x n! (exz_xez)2 ( )

n=0 UGGn.H

6. Concluding remarks

A permutation ¢ = 0105 -0, of an ordered set is said to be (increasing) alternating (or
up—down) if 01 < 09 > 03 < .... We denote by Alt,, the set of all up—down (alternating)
permutations in &,,. A cycle (cyclic permutation) (oy 05 ...) of an ordered set is said to be
up-down if o1 < 09 > 03 < ... and oy is the smallest element. A permutation 7 is said to be
cycle-up-down if it is a product of disjoint up-down cycles. Let A,, be the set of cycle-up-down
permutations of [n]. Deutsch and Elizalde [DE11] proved the following bivariate generating
function

Z Z tﬁx(w)acyc(W)ﬁ _ ﬂ' (6.1)
n>0 teA TL' (1 —sin Z)a
When x = 1, Eq. (4.18) reduces to
n a(t—1)z
Hix(o) cye(@)? _ 6—. 6.2
Z Z @ n! (1 —sinz)® -2

n=>0 c€CAy,

In [FH16, Section 2], Foata and Han constructed a bijection n : A}, — Alt, 1 preserving
the first letter. Applying the mapping 7 to each cycle of o € C.A, immediately yields a bijec-
tion 77 : CA,, — A,, such that (fix, cyc) o = (fix, cyc) (o).

Hwang, Jang and Oh [HJO23, Corollary 4.4] proved the ¢ = 1 case of (6.2). By Theo-
rem 3.19, we also have

ea(t—l)z

trminda(a) rmin(a)—li - _ - 6.3
Z Z @ n! (1 —sinz)*’ (€3

n20 el

where ¢ = 1, 2.

Disanto [Dis13, Proposition 1] proved the ¢ = 1 case of (6.3) and asked for a bijection
from A;_, to A, enlightening the correspondence between rmin and cyc. In fact, combining
the bijections ¢' : AL, — CA, in Section 44 and 7 : CA, — A,, we obtain a bijec-
tionZ:=7no¢ ': Al — A, such that (rminda, rmin) o = (fix, cyc) E(o) foro € A} ;.

Problem 6.1. Find a suitable statistic dr/o\p over A, and bijection A : CA, — A, such
that drop (o) = drop (A(0)) for o € CA,.

In view of the work [PZ21], where a (p, ¢)-analogue of (1.4) is proved, the following question
is natural.
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Problem 6.2. Find a combinatorial explanation of the identity 7, ;(a,t) = 2/d, ;(a,t)
for0 < j < |n/2].

Remark 6.3. After the initial preprint of this paper was posted, Dong, Lin and Pan [DLP25] have
resolved the above problems.
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