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1. Introduction

The Eulerian numbers <Z> (n >k > 0) can be defined by the recurrence

n n—1 n—1
() =m=n(; ) +a+n(" 1), (1)
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with initial condition <8> =1 and <Z> =0if k ¢ 0,...,n— 1. This recurrence immedi-
ately implies the symmetry (}) = (,,_%_1)- It is well-known [9,15] that (7} counts the
number of permutations in &,, with k descents. The nth Eulerian polynomial, which
generates the Eulerian numbers, is defined by

Ap(z) = Tf <Z>xk (1.2)

and has the exponential generating function

= t" 1—=
n=1

Setting A(r, s) := ("t Carlitz-Scoville [7] noticed the following symmetric formula

= z"y® e —eY
F = A = 1.4
(z,9) r;o (rs) (r+s+1)!  zev—ye®’ (14)
and further introduced the (o, 8)-Eulerian numbers A(r, s|a, §) by
o xrys N
> Alrslan )l = (1 2P ()" (L4 yF ) (15)
r,s=0 ’

Note that A(r,s|«a,8) = A(s,r|B,a) and A(r,s|1,1) = A(r, s). The first few terms of
the above generating function are

1+ (ax + By) + %(042:102 + (208 + a+ B) yz + By?) + % (®2® + B3y +
(3B +30” +3aB+a+ B)yz® + (3aB° +3aB+38° + a+ B)zy’) +--- . (1.6)
Carlitz-Scoville [7, §8] proved the recurrence
Alr,s|la,B) = (s+a)A(r — 1,s]| o, B) + (r+ B)A(r,s — 1], B) (1.7)

and also provided the combinatorial interpretation

A(T, s | Oé,ﬁ) — Z alrmin(a)—lﬂrlmin(a)—l, (18)

0€S 511
des(o)=r

where des(o) is the number of descents of o, while Irmin (o) (resp. rlmin(c)) is the number
of left-to-right (resp. right-to-left) minima of o, see (1.11).
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Let Ay > -+ > Ay1 be real numbers and let A = (A1, ..., A\r11). The permutahedron
Perm(]) is the convex hull of points Ay = (Ay(1), .-+, Ao(r4+1)) Where o is a permutation
in &,41. It is known that

vol(Perm(\)) = Z Acul'iur

where ce W, = {(¢c1,...,¢) a1 +---+c¢ =r}and p; = A\; — Aiyr1. The coefficients A,
are positive integers known as the mized Eulerian numbers [16].

In this paper we adopt the standard g-notations [1]. For € R the g-real number [z]
is defined by

For an integer r € N, we define [r]! = 1-(1+q)--- (1+¢+---+¢" 1) and the g-binomial
coefficient by

m :ﬁ for r>%k>0.

Nadeau and Tewari [13,14] introduced a g-analogue of the mixed Eulerian numbers A.(q),
known as the remized Fulerian numbers. These numbers possess several remarkable
properties, among which:

1) Ac.(q) is a polynomial with non-negative coefficients and A.(1) = A,

(1,...,1)(4) = [7’]!7 and
k
( 2

(1)
(2)
(3) Toem, Aclg) = ! 5 (21),
(4)
(5) Aw,o,....0m—k) (@) = q( ). [k

Recently, Gaudin [11] observed that the Carlitz-Scoville numbers A(r,s|«, ) are a
rescaled subfamily of the mixed Eulerian numbers and proposed the following g-analogue
A(r,s |, B)q within the framework of the remixed Eulerian numbers,

1
A(T, S | a, ﬁ)q = mA(OT,la_l,7‘+S+1,1ﬁ_1,05)(q)' (19)

The following g-analogue of the recurrence (1.7) is due to Gaudin [11, Proposition 4.3]:
Alrys| o, B)g = " s + ] A(r — 1, 8| o, B)g + [+ BlA(r, s — 1|, B)y.  (1.10)
For ¢ = 0103 ...0, € &,, define the following statistics

des(o) ={i € [n—1] |0y > git1}, (1.11a)
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Irmin(o) = |{i € [n]|0; < 0;, Vj < i}, (1.11Db)
rlmin(o) = |{¢ € [n]|0; < 0, Vj > i} (1.11c)

The statistic des is a well-known Eulerian statistic due to (1.2), both lrmin and rlmin
are Stirling statistics:

Z :L,Irmin(a) _ Z l_rlmin(a) _ Zs(n’ k)(Ek, (112)
oS, oce6, k=0

where s(n, k) are the Stirling numbers of the first kind. The inversion number inv and
major indexr maj are defined by

inv(o) = {(¢,4) |os > 05, i < j}, (1.13)
maj(o) = » i (1.14)

The statistics inv and maj are well-known Mahonian statistics:

Z qinv(ﬂ) _ Z qmaj(o‘) — [n]l (115)

cEG,, oceEG,

For convenience, we introduce the following notation, valid for n > k > 0:

Enk(a,B,q) = Alk,n—k|a,B), (1.16)

with the convention E, r(a,,q) = 0if & ¢ {0,...,n}. As Ary(q) = [r]! (see [14]), by
(1.9) we have Eyo(a, 8,q) = 1. In view of (1.16), setting r + s =n and r = k in (1.10)
we obtain

En,k(avﬂa Q) = qﬁ+k71[n —k + a}En—l,k—l(avﬁa q) + [k + /B]En—l,k(aa 67(]) (117)

When (a,8) = (1,1) or (0,1), several g-analogues of Eulerian numbers are already
known [6,18,17]. In the case @ = 0, Butler [4,5] introduced a novel g-analogue of Eulerian
numbers by combining the parameter 5 with the major index.

The aim of this paper is to provide a combinatorial interpretation of E,, x(a, 8, ¢) in
terms of the permutation statistics such as left-to-right minima, right-to-left minima,
descents and (re)mixed major index, and to derive several explicit formulas for these
numbers. Our results generalize and unify those of Carlitz-Scoville [7] and Butler [4].

For o € &,, the mized major index of o, denoted by I;l?%tj, is defined by

maj(c) = (1 + des(o) — lrmin(o))(a — 1) + (n — rlmin(0))(8 — 1) + maj(o).  (1.18)
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Theorem 1.1. For integer n > k > 0, we have

En,k(aa ﬁyQ) — Z [a]lrmin(a)fl[B]rlmin(a)flqmaj(a)’ (119)

U€6n+1,k

where &,,11, denotes the set of permutations in &1 with k descents.

We define the bi-Stirling-Euler-Mahonian polynomials E, (x|, 8,q) b
En(x]a,8,q) = Enila, B,q)z". (1.20)
k=0

For example, it follows from (1.17) that

EO(SL'|04,5,(]) =1
Ei(z]a,B,q) = [B] + ¢°[a]z,
Ex(z]a,B,9) = [B* + ¢ ([1 + o][B] + [][B + 1))z + ¢*°+![a]?2>.

Define the g-derivative operator &, by

6, plz) = plgz) — p(x)

CENE (1.21)

where p(x) € R[[z]].

Theorem 1.2. Let E,(x;q) := En(z |, 8,q) forn > 0. We have the following g-identities:
(i)

En(z;9) = ([8] + d°[n — 1+ a2) En_1(259) + (1 — 2)2¢° 04 (En_1(x59)).  (1.22)

(i) En(z;9) _ jj+a+ﬁ_1 : n
(x;q>n+a+ﬁ‘§x{ j ][”5 " .
(iii) ”_ jj—‘,—a—i—ﬁ—l .
(iV) i:[]k+n+a+ﬂl}E (Oéﬁ )_|:]+a+ﬂ1:|[+ﬁ]n (125)
2 j—k n,k\&, 0,q) = ] J : :
(v)

By (o f[””jﬂ][“‘“jﬂ‘ly gt By (126)
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We shall prove Theorem 1.1 and Theorem 1.2 in Section 2 and derive some corollaries
in Section 3. Barbero et al. [2] introduced the v-order (s, t)-Eulerian numbers. In Section 4
we show that when v = 1 their numbers coincide with the Carlitz-Scoville numbers
A(r,s|a, B).

Remark 1. Using the inversion statistic on permutations, Dong-Lin-Pan [8] obtained a
g-analogue of (1.5) via Gessel’s g-compositional formula. For recent developments on
Carlitz—Scoville’s generalized Eulerian polynomials, we refer the reader to [19].

2. Proof of main theorems

Proof of Theorem 1.1. Consider the enumerative polynomials

En,k:(aa 6, q) — Z [a]lrmin(a)—l[B]rlmin(a)—lqmaj(o). (21)

0€S 11,k

It suffices to verify that the polynomials En)k(a,ﬁ,q) satisfy the recurrence (1.17).
Clearly Eq. (1.17) is valid for n = 0. It is clear that deleting n + 1 from a permuta-
tion in &,,41,%, we obtain a permutation in &,, 1, U&,, ;1. Inversely, any permutation 7
in &,41,% can be created by adding n 41 to a permutation w in &, U &y, 1. We will
discuss four types of insertion positions: a) at the beginning of w, b) at the end of w, ¢)
at descent positions of w, d) at ascent positions of w.

(a) Hw=o01...00 € Sy j—1, then 0 = (n+ 1)o7y ...0, € Gpp1 i With
(Irmin, rlmin, des)7m = (1 4 lrmin, rlmin, 1 4 des)w.
Hence

Z [a]lrmin(‘n-)—l[5]rlmin(ﬂ-)—1qmaj(7r) _ [OZ]Q'B—Fk_lEnfl,kfl(Oé, 67(])'

TESni1,k
7(1)=n+1

(b) fw=01...00 €Sy, then m =01...00(n+1) € S, 41 and (Irmin, rlmin)7 =
(Irmin, 1 + rlmin)w. Hence

Z [a]lrmin(w)—l[B]rlmin(w)—qunaj(ﬂ) _ [ﬂ]En—l,k(aaﬁy(Z)-

TES i1,k
m(n)=n+1

(¢c) If w = 01...0n, € &, with the descent set {i1,42,...,ix}, then we define
T = o1...05(n+ 1)og,11...0n € Gpyryp with 1 < j < k. It is clear that
(Irmin, rlmin)z = (Irmin, rlmin)w and maj(7) = maj(w) + k — j. Thus
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Z [a]lrmin(w)—l[5]rlmin(7r)—1qrnaj(7r) :qﬂ[k] o lk( ﬂ, )7

’
“GGW,+1,k:

where &, is the set of permutations 7 = o1...0i(n + 1)oj41...0n In Gy
such that o; > 0;41.

(d) Let w = 01...0, € &, -1 with descent set {i1,...,9,—1}. If 7 is a permutation
T=01...05(n+1)0j41...00 € Spp1p With 4y < j < 441, where 0 <1 < k —1,
ig = 0 and i = n, then

(Irmin, rlmin, des)r = (lrmin, rlmin, 1 + des)w, (2.2)
maj(r) = (k—1-1)+ (j + 1) + (@ — 1) + (8 — 1) + maj(w). (2.3)
Since
k—1 k—1
Utk —1-1+j i <j<ica}=Jk—1+i,... k—1+i4 -2}
1=0 1=0
={kk+1,...,n—1},
we have

FB—14k—1—l4j _ _atB+k—1
> ¢t T =gt i — k).
1 <j<ii41
0<i<k—1

It follows that

Z [a]lrmin(ﬂ)fl[ﬁ]rlmin(ﬂ)fqunaj(ﬂ') _ qa+ﬁ+k71[n _ ki] 'En—Lk—l(ay /6,(1)’

"
LESICHBI

where 6x+1,k is the set of permutations ¢ = o1...0;(n + 1)oiy1...0n 0 Sppq ke
such that o; < g;41.

Combining the two cases (a) and (d) (resp. (b) and (c¢)) we obtain
Bk, B,0) = " n —k+ o] By o1 (o B.9) + [k + BlEn—1k(0, B,0). (2.4)
Comparing the above equation with (1.17) we obtain En,k(mﬁ, q) = E,x(a,8,q). O
For non-negative integer n € Z, we define (x;¢)o = 1 and
(@5q)n = (1 —2)1~2q) - (1-2¢"™")  (n21).

The g-binomial coefficients [fl] are defined by
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] - et

n (@ n

Furthermore we define (z; ¢)oo = limy,—00(2; q)n and (z;q), for all real numbers n by

(@00 = (230 o0/ (2¢"; @) o (255)
Recall [1, Chapter 2] that
o~ (T3Q)nt"  (wt9)s
2 e T ®a) (20)

In particular we have

o =3 [V (2.7)
(:c;Z)N - ng [N +j ! 1} 28)

For k,n € N an easy calculation yields

5 ¥ _ ke (k] + z[n — k]q* _ [k]zF—1, ifn=0; (2.9)
* (IL’; Q)n (SC; q)n+l (I'<[17)ZL+1 s ifk=0.

Proof of Theorem 1.2. (i) Multiplying Eq. (1.17) or (2.4) by z* and summing & from 0
to n we obtain

Y Eugla,f.q)a"
k=0

(" n =k + ] En1i-1(@, 8,0) + [k + Bl Ep-1 (e, B,9)} 2"

I
NGE

Zv?‘

=0
—1 n—1

Z +kn_1+a_k} n— 1k( ﬁa k+1+zk+ﬂ n— lk( ,B,q)ﬂ?k. (210)

k=0

Substituting [k + 8] = [8] + ¢°[k] and ¢***[n —1 +a — k] = ¢®[n — 1 + a] — ¢°[K] in
(2.10) and then using 6,2* = [k]z*~1, we have

En(2:9) =¢°[n = 1+ o2 Ey1(259) — ¢°2°6,(En1(2; )
+ [B1En—1(2;q) + ¢" 262 (En_1(x; q)), (2.11)

which is clearly equal to Eq. (1.22).
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(i) We proceed by induction on n > 0. When n = 0 Eq. (1.23) is (2.8) with N = a+ 0.
Multiplying (1.23) by = and shifting n — n — 1 yields

DB @)y s [j e 7= 1} i+ 8L (2.12)

(I§Q)n+a+,8—1 >0
Applying the operator z'~74, to (2.12) and using the g-Leibniz formula

6z (f(2)g(x)) = 0:(f(2))g(qz) + f(2)dz(g(z)), (2.13)
we obtain

(1 — 2)(¢°28,(En(2;q)) + [B1En(;9)) + [0+ o+ B — 1z Ey(; )
(x'Q)nJraJrﬁ

_Z {]—i—a—l—ﬁ—l][._kmn' (2.14)

7>0

Combining the above identity with (1.22), we have (1.23).
(iii) Multiplying Eq. (1.23) by t"/n! followed by summing over n > 0, we have

E,(x; " jlita+p-1 i+ Blt)"
Z(.( q)_zzxr _ }Z(U n!])

n>0 xZ; Q)n+a+ﬁ n! >0 J 7>0
i+a+p8-1 .
=St P e+ i, (2.15)
j=0 J

(iv) Eq. (1.25) follows by extracting the coefficient of 7 in both sides of Eq. (1.23)
and applying Eq. (2.8).

(v) Eq. (1.26) follows from multiplying both sides of Eq. (1.23) by (z; ¢)n+a+s and
extracting the coefficient of z* in both sides by using Eq. (2.7). O

3. Corollaries of main theorems

In this section, we illustrate applications of our main theorem by specializing its
parameters.

Corollary 3.1. /3, Corollary 4.2.4] For n > 1, we have

ZGGG :L,des(a) qr;;e;i (o) [B]rlmin(a)

=S P e, e

($; Q)n+ﬁ >0

—_

where maj, (o) = (n — rlmin(o))(8 — 1) + maj(o).
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Proof. When « = 0, the summation for E, (x| «, 8, ¢) reduces to the permutations o €
Sp+1 such that lrmin(e) = 1, viz, o1 = 1. Define o} = 0y11 — 1 for i € [n], then o’ € &,
and

o des(o) = des(o’);
e maj(o) = maj(o’) + des(o’);
e rlmin(o) = rlmin(o’) + 1.

Hence,

Z xdes(o)qraz;j(a) [ﬁ]rlmin(o)—l _ Z xdes(o)qrﬁgj/l(o) [B]rlmin(a). (32)

c€ES 11 oeG,
Irmin(o)=1

The result follows by combining (1.23) and (3.2). O
Corollary 3.2. For n > 1, we have

EJGG mdes(o) qm/—aT2 (o) [Oé} Irmin(o)

(T3 Dnta >0
where majy(c) = (1 + des(c) — Irmin(c))(a — 1) + maj(o).

Proof. When 8 = 0, the summation for F, (x| «, 8, q) reduces to the permutations o €
Spt1 with 0,41 = 1. Let 0 = 0; — 1 for i € [n], then ¢’ € &,, and

e des(o) =des(o’) + 1;
. maj(o) = maj(o’) +
e Irmin(o) = Irmin(o’) + 1.

Hence,

Z xdes(o)qrﬁgj(a) [a]lrmin(o)—l _ Z xl-l—des(o)qr?l;i;(o) [a]lrmin(a)' (34)
€S 41 oeG,

rlmin(o)=1
The result follows by combining (1.23) and (3.4). O
Setting & =1 in (3.3) or B =1 in (3.1) we recover Carlitz’s identity [6],
T pdes(o) gmai(o)

ceS, e . n
Cr PP VL A (35)
T 320
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Corollary 3.3. For n > 1 we have

n—1
En(1iq) = [Jla+ B +1l. (3.6)
i=0
Proof. Note that
Ea(lba) o Fu(,0)

(Q;Q)n+a+ﬁ—1 z—1- (mq;Q)nqLaJrﬁfl.

Combining (1.23) and Abel’s lemma we have

E’I’L(17 q) = (q; Q)n+a+[371 121?7(1 — 33) ij |:j + + 6 — 1] [] + ﬁ]n
Jj=>0
' —1
= (Q7 q)n+a+B_1 ]EI_POO |:-7 +a j ﬁ :| [] + ﬁ]n

(q; Q)nJraJrﬁfl
(@ @Q)agp-1(1 =)’

which is equivalent to (3.6). O
Remark 2. Alternatively, setting z =1 in (1.22) yields
En(Liq) =[n—1+a+ flE,1(L;q).
As Ey(1;q) = 1, we obtain (3.6) by iteration. Moreover, we derive from (1.17) that
Buo.8.0) = (8", Eunlonf,0) =" Gla)" (3.7)

Let 0 = 0102...0, € 6,,. For an integer > 1, as a generalization of descents, the
set of r-descents of o is defined by, see [9],

rDes(o):={i€n—1]:0; > 0i41 + 1} (3.8)

The cardinality of rDes(o) is denoted by rdes(o).
Rawlings [17] introduced the r-major index as

rmaj(o) := Y i+ [rInv(o)], (3.9)
i€rDes(o)

where

rInv(o) :=={(4,j):1<i<j<n, 0, >0; >0, —T}
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He then defined the (g, r)-Eulerian numbers

Aln, k;r] = Z g i), (3.10)

ceS,
rdes(o)=k

Proposition 3.4. Forr > 1 and 0 < k < n, we have
An+rkyr)=[r]!- Enx(1,7,9). (3.11)
Proof. It is known [17] that the (g,r)-Eulerian numbers satisfy the recurrence
Aln,kyr) = [k +r]Aln — Lk;r) + " Hn+1 -k —r]Aln — 1,k — 1;7], (3.12)
forn > 1,0 <k <n-—rand A[r,0;7] = [r]!. Now, shifting n — n+r Eq. (3.12) becomes
An+rkr] =k+r]An+r— Lk +¢" 7 Hn+1—kAn+r — 1,k — 1;7] (3.13)

k < n. Comparing (3.13) with recurrence (1.17) and their initial values at
0,0), we derive (3.11). O

Combining Eq. (1.23) and (3.11), we derive

(%3 @)t 14+ i+ (3.14)

Zogkgn [n+ 7 k;r]z Z
3=>0
From the above equality, we see that A[n + r,k;r] for 0 < k < n can be seen as ¢-hit
numbers of Garsia-Remmel [10].
4. Concluding remarks
In (1.17), let us define
( 57 ) k6+k(k v/ E;,k(avﬁaq)' (41)
Then

E:L,k(a7ﬁ7 ) [n_k+a]En 1,k— 1( 767 ) [k"i_ﬁ} n— lk( 7ﬂaQ)' (42)

It follows that



C. Xu, J. Zeng / Advances in Applied Mathematics 173 (2026) 102975 13

Barbero et al. [2] introduced a three-parameter generalization of the standard Eulerian
)

it)
v =1, the numbers (})

numbers <Z>E: for integer v > 1, called the v-order (s,t)-Eulerian numbers. When

n\ (1)
(s,8) " <Ic>(s,t)

n n—1 n—1
= (k+s)< > + (n— k;+t)< > + k000, (4.4)
<k>(s,t) k (s,t) k=1 (s,t)

=0ifn < 0or k < 0. Comparing (4.4) with (1.17)

satisfy the following recurrence

with the additional conditions (}
(or (4.2)) with ¢ = 1, we derive

<”> = By (t,s,1). (4.5)
k/ (s.0) ’

Remark 3. From (1.1) and (4.4) we derive

= (5= =

Setting ¢ = 1 in Eq. (1.23) we obtain

M_ij(jJrg)n(aJrﬁfj_l), (4.7)

_ +a+p
(1 —g)nte >0 J

>(s,t)

This is Proposition 12 in [2] by (4.5). Setting ¢ = 1 in (1.24) we obtain

a 3
z" 11—z 1—x
ZEn(xa,ﬁvl)H:<1xe(lz)z) <e<r1>2x) , (4.8)

n>0

which is equivalent to (1.5).

The r-FEulerian numbers, denoted by A(n, k;r), count the number of permutations in
S, that have exactly k r-descents (see (3.8)), that is,

A(n, k;r) :=|{o € &, : rdes(o) = k}|. (4.9)
From (3.13) with ¢ = 1, we have
An+rkr)=(k+r)An+r—1Lkr)+(n+1—-k)An+r—1,k—1;r) (4.10)

for 0 < k < n. Setting (o, 8) = (r,1) in (4.4) and combining with (4.10) and their initial
value at (n, k) = (0,0), we derive

n 1
= —A N . 4.11
<k>(r,1) ! bt i) ( )
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Remark 4. In view of (4.5) and (4.11) the 1-order (s, t)-Eulerian numbers coincide with
the Carlitz-Scoville numbers and also encompass the r-Eulerian numbers. This fact was
overlooked in [2, p.2], where it is stated that the Carlitz-Scoville numbers and the r-
Eulerian numbers do not fall within their general framework of Eulerian numbers.

The identities (1.23), (1.25) and (3.14) deserve to have combinatorial interpretations.
A combinatorial proof of (3.11) with ¢ = 1 is given in [9]. Moreover, Butler [4] originally
obtained the permutation interpretation of the g-Eulerian numbers E,, (0, 8, ¢) via the
combinatorics of rook configurations (see also Haglund [12] and Garsia and Remmel [10]),
it would be interesting to extend our results to rook configurations.
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